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SMALL SPEED ASYMPTOTIC STABILITY STUDY OF A SPEED 
VECTOR CONTROL SYSTEM FOR AN INDUCTION MOTOR 

THAT CONTAINS IN ITS LOOP A GOPINATH OBSERVER 
 

In this paper we analyze the asymptotic stability of a vector control system for an induction 
motor with short-circuited rotor that contains in its loop a Gopinath observer. The studied control 
system is based on the direct rotor flux orientation method (DFOC) and the stability study is based 
upon the linearization theorem around the equilibrium points of the control system, emphasizing 
the estimated variation domain of the rotor resistance for which the control system remains asymp-
totically stable when the prescribed speed of the control system is close to zero. The stability study 
is made in both the continual and discrete cases. The mathematical model of the vector regulating 
system is made using a value de–qe linked to stator current. In order to mathematically describe 
the DFOC control system we will consider the following hypotheses: the static frequency con-
verter (CSF) is assumed to contain a tension inverter; the static frequency converter is considered 
ideal so that the vector of the command measures is considered to be the entry vector of the induc-
tion motor; the dynamic measure transducers are considered ideal; the system and axis transforma-
tion blocks are considered dynamically ideal; the mathematical model of the vector control system 
will be written in an de–qe axis reference bounded to the stator current. 

 
В статье анализируется асимптотическая стабильность векторной системы управления 

для асинхронного двигателя с короткозамкнутым ротором, которая содержит наблюдатель 
Гопина. Рассмотренная система управления базируется на прямом методе ориентации потока 
ротора (DFOC), а исследование стабильности основано на теореме линеаризации возле точек 
равновесия системы управления. При этом акцент сделан на предполагаемой области измене-
ния сопротивления ротора, для которой система управления остается асимптотически устой-
чивой, когда предписанная скорость системы управления близка к нулю. Исследование ста-
бильности проводилось в непрерывных и в дискретных случаях. Математическая модель век-
торной системы регулирования создана с использованием значений de–qe, связанных с 
потоком статора. Для математического описания системы управления DFOC, исходим из сле-
дующих предположений: статический преобразователь частоты (CSF), как предполагается, 
содержит инвертор напряженности; статический преобразователь частоты считают идеаль-
ным так, чтобы вектор управления был вектором входа асинхронного двигателя; динамиче-
ские преобразователи измеренных значений считаются идеальными; система и блоки преоб-
разования координат считаются динамически идеальными; математическая модель векторной 
системы управления будет создана в осях de–qe, связанных с потоком статора. 

 
 
1. Introduction. This paper approaches a 

difficult problem within vector driving systems 
for induction motors namely the asymptotic sta-
bility study in a Lyapunov manner. The difficulty 
is brought by the mathematical model of the non-
linear analyzed system that makes the Lyapunov 
stability analysis methods difficult to apply. The 
novelty of the paper consists in obtaining the 
method and the form of the linerized mathemati-
cal model on which the analysis of the asymptotic 
stability is made. The shape and structure of the 

mathematical model depends on the actual com-
ponents within the analyzed control system and 
the way in which the state values are selected. In 
this paper we present the analysis of the asymp-
totic stability of a vector control system for an in-
duction motor with a short-circuited rotor that 
contains in its loop a Gopinath observer. The ana-
lyzed control system is orientated according to 
the estimated rotor flux by the Gopinath observer.  

We have realized the stability analysis for 
low speeds, emphasizing the influence of the iden-
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tified rotor resistance within the stability of 
the control system. We have obtained the 
variation range of the identified rotor resis-
tance for which the control system remains as-
ymptotically stable. 

2. The Mathematical Description of the 
Vector Control System. In order to mathe-
matically describe the DFOC control system we 
will consider the following hypotheses: 

The static frequency converter (CSF) is 
assumed to contain a tension inverter. 

The static frequency converter is consid-
ered ideal so that the vector of the command 
measures is considered to be the entry vector of 
the induction motor. 

The dynamic measure transducers are con-
sidered ideal.  

The system and axis transformation blocks 
are considered dynamically ideal. 

The mathematical model of the vector 
control system will be written in an de–qe 
axis reference bounded to the stator current. 

Based on these hypotheses the block dia-
gram of the direct vector control system that 
contains a Gopinath type rotor flux estimator in 

its loop is presented within fig.1 and the DFOC 
field orientation block within fig.2. 

Some of the equations that define the vec-
tor control system are given by the elements 
which compose the field orientation block and 
consist of: 

 stator tensions decoupling block (C1Us); 
 couple PI regulator (PI_Me) defined by 

the KM proportionality constant and the TM in-
tegration time; 

 PI flux regulator (PI_ψ) defined by the 
K proportionality constant and the T integra-
tion time; 

 mechanical angular speed PI regulator 
(PI_W) defined by the K proportionality con-
stant and the T integration time; 

 current PI regulator (PI_I) defined by 
the Ki proportionality constant and the Ti inte-
gration time; 

 Flux analyzer (AF). 
The other equations that compose the 

mathematical model of the speed control sys-
tem are those given by the relations that define 
the stator currents – rotor fluxes mathematical 

 

Fig.1. Direct Vector Speed Control System 

Fig.2. Internal structure of the field orientation bloc (DFOC) 
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model of the induction motor as well as the 
equations that define the mathematical model 
of the observer for the Gopinath type rotor flux. 

All these expressions can be put together 
as a 12 differential equations system with 12 
unknown values. In order to offer a coherent 
presentation of this differential equations sys-
tem, we have used the following notations: 

The state vector of the control system will be 

12,1][  ixix  

where e1  dsix ; e2  qsix ; e3  drx ; 

e4  qrx ; rx 5 ; e11 ˆ  drx ; e12 ˆ  qrx  
The input vector of the of the control sys-

tem will be 
Tuuuu ][ 321  

where *
1 ru  ; *

2 ru  ; rMu 3 . 
Under these circumstances the 12 differen-

tial equations system that define the mathe-
matical model of the vector regulating system 
can be written as follows 

))(),(()( tutxftx
dt
d
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Where Ls, Lr, Lm are the stator, rotor and 
mutual inductance, Rs, Rr are the stator and ro-
tor resistance and  is the mutual coefficient of 
leakage. 

In the relations above we noted with «*» 
the identified measures of the induction motor 
and k is the proportionality coefficient Gopinath.  

Under these circumstances the mathemati-
cal model of the speed vector control system is 
fully determined as being defined by the non-

linear differential equations system given by (1) 
whose initial condition is x(0)=0. 

3. The Asymptotic Stability Study of 
the Control System. In order to realize the 
analysis of the asymptotic stability we will 
consider an induction motor that has the fol-
lowing characteristics: 

 electrical parameters 

][371,0 sR ; ][415,0 rR ; 
][08694,0 HLs  ; ][08762,0 HLr  ; 

][08422,0 HLm  . 

 mechanical parameters 

2pz ; ][15,0 2mkgJ  ; 





 

rad
smNF 005,0 . 

On the other hand, following the auto-
mated regulators tuning within the speed con-
trol system we obtain the following constants: 

3834,501K ; 
7,2374


 

K
T ; 

9881,5iK ; 
4176,754
i

i
KT  ; 

1988,10MK ; 
1020

M
M

KT  ; 

10K ; 
350


 

KT . 

Under these circumstances by imposing 
the entry vector of the control system to be of 
the following type  

][69,0*
1 Wbu r  ; 







s
radnwu mrmm 30

*
2 ;            (2) 

][269,933 mNMMu Nr  , 

where ][100 rpmmnm   with 15,0m  and the 
proportionality coefficient between the self 
values of the motor and those of the observer 
being 3,0k  by solving the non-linear system 

0),( uxf  using the Newton method having 
as the start point the vector: 
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]000000000[ 121
* uuux m  

we obtain an equilibrium point mm bx  where: 

12,1][  imim bb . 
From those stated above by the lineariza-

tion of the system (1) around the equilibrium 
point mm bx   obtained for an T

muuuu ][* 321  
entry vector defined by (2) we obtain:  

)()()( tuBtxAtx LL            (3) 

where AL, BL matrixes are:  

12,1;12,1
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Next, in order to study the asymptotic sta-
bility of the equilibrium points xm=bm we will 
analyze the self values of the AL matrix so that 
if they have a strictly negative real part the 
xm=bm equilibrium point is asymptotically sta-
ble for the linerized system (3). Under these 
circumstances according to the linearization 
theorem* in a vicinity of the equilibrium point 
xm=bm the non-linear system (1) is asymptoti-
cally stable.  

_______________________ 
 Voicu M. Tehnici de analiza a stabilitatii sistemelor 

automate. Editura Tehnica. Bucuresti, Romania, 1986. 

As the self values of the AL matrix are pre-
sented within fig.3, it results that the equilib-
rium points xm=bm of the linerized system (3) 
are asymptotically stable and according to the 
linearization theorem the equilibrium points 
xm=bm are asymptotically stable in certain vi-
cinity for the non-linear system (1). 

Also in fig.3 for a more in depth study of 
the asymptotic stability of the (1) system we 
emphasized the self values of the control sys-
tem that does not contain a Gopinath observer.  

From those presented above one may no-
tice that the self values consist of the self val-
ues of the control system that does not contain 
a Gopinath observer as well as the self values 
of the Gopinath observer. The only self values 
that modify when a new entry vector is im-
posed are the self values of the Gopinath ob-
server. 

One may notice that inclusion of the 
Gopinath observer does not alter the self values 
of the control system that does not contain it. 

Thus, one can conclude that we can study 
the asymptotic stability of a control system that 
contains in its loop a Gopinath observer by in-
dependently studying the asymptotic stability 
of the control system that does not contain a 
Gopinath observer and asymptotic stability of 
the Gopinath observer. 

For a more detailed study of the asymp-
totic stability, next we will present the AL ma-
trix self values under identical testing condi-

 

Fig.3. The self values of the matrix AL; Mr=MN 
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tions with those above with the difference that 
][03 mNMMu Nr  . 

As with the previous case from fig.4 one 
may notice that the xm=bm equilibrium points of 
the linerized system are asymptotically stable 
resulting that in certain vicinity these points are 
asymptotically stable for the non-linear system 
defined by (1). 

Next, we will emphasize the influence of 
the estimated rotor resistance when studying 
asymptotic stability of the equilibrium point 
x0=b0 of the non-linear system (1) in a certain 
vicinity of this point.  

The equilibrium point is obtained for an 
entry vector like Tuuuu ][ 3201 defined by (2), 
namely for a speed of ][00 rpmn  .  

Based on this study we can obtain infor-
mation related to the range of variation of the 
estimated rotor resistance for which the non-
linear system (1) remains asymptotically stable 
around the 00 bx   equilibrium point.  

As the self values of the AL matrix are 
presented in fig.5, it results that the non-
linear system (1) around the equilibrium 
point x0=b0 is asymptotically stable for an es-

 

Fig.4. The self values of the matrix AL; Mr=0 

Fig.5. AL self values by rotor resistance for n0=0[rpm] Mr=MN 
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timated rotor resistance in range of D1 = 
}48,1;0,91{ **

rrrr RRRR  , becoming asymp-
totically unstable for an estimated rotor resistance in 
range of }91,0;1,48{ **

2 rrrr RRRRD  . 
Next we will present the influence of the es-

timated rotor resistance to the asymptotic stability 
of the non-linear system (1) when the entry vector 
is Tuuuu ][ 3201  defined by (2) with the differ-
ence that ][03 mNMMu Nr  . The self val-
ues of the AL matrix are presented in fig.6. 

As the self values of the AL matrix are pre-
sented in fig.6, it results that the non-linear system 
(1) around the equilibrium point x0=b0 is asymptoti-
cally stable for an estimated rotor resistance in range 
of }1061,2;0,1{ 6**

1 rrrr RRRRD  , becom-
ing asymptotically unstable for an estimated rotor 
resistance in range of D2 = 

}1,0;2,61{ **
rrrr RRRR  . 

On the other hand in case we realize the 
digitization of the (3) linear system we obtain: 

)()()1( kuHkxFkx LL  ,           (4) 

where the FL, HL matrixes are obtained from 
the AL, BL matrixes using one of the two digiti-
zation types: 

 simplified digitization: 
TAIF LL  12 ; TBH LL  ;         (5) 

 complete digitization: 

2

2
2

12
TATAIF LLL  ; 

2

2TBATBH LLLL  , 

where: T is the sampling time. 
Proceeding in a similar manner the self values 
of the FL matrix in case the entry vector is de-
fined by (2) and the FL matrix is obtained by 
using simplified digitization using a  

sec][3,53 T sampling time were considered. 
From this consideration we can see, that 

the xm=bm equilibrium points are asymptoti-
cally stable for the discrete system (4) in case 
the FL matrix is obtained through using the 
simplified digitization method.  

This conclusion also remains valid when 
the FL matrix is obtained through the complete 
digitization method both where the resistant 
couple is present or absent. 

Next we will present the influence of the 
estimated rotor resistance over the asymptotic 
stability of the discrete non-linear system 
when the entry vector is Tuuuu ][ 3201  and is 
defined by (2). This study was conducted for 
a sampling time of sec][3,53 T  in case of 
simplified digitization. After the study we ob-
tained the information that the x0=b0 equilib-
rium point remains asymptotically stable for 
the (5) linear system for a variation of identi-

 

Fig.6. AL self values by rotor resistance for n0=0[rpm] Mr=0 
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fied rotor resistance ranging from D1 = 
}48,1;0,91{ **

rrrr RRRR  .  
The x0=b0 equilibrium point becomes as-

ymptotically unstable when the variation of the 
identified rotor resistance varies from D2 = 

}91,0;1,48{ **
rrrr RRRR  . 

When the study of the influence of identified 
rotor resistance variation is done for an entry vec-
tor of the Tuuuu ][ 321  type defined by (2) with 
the difference that ][03 mNMMu Nr   then 
the stability domain for which the x0=b0 equilib-
rium point is asymptotically stable is 

}39,306;0,1{ **
1 rrrr RRRRD   and the insta-

bility domain is }1,0;306,39{ **
2 rrrr RRRRD  . 

On the other hand the domains that define 
the upper and lower limits of variation of iden-
tified rotor resistance for which the x0=b0 equi-
librium point remains asymptotically stable for 
the (5) discrete linear system diminishes with 
the increase of the sampling time. 

4. Conclusions. In this paper is presented 
under a unitary entity the mathematical model 
of the speed vector control system that has in 
its loop a Gopinath observer. This mathemati-
cal model allows for external stability study as 
well as internal stability study of the control 
system. 

After the study we observed that the ana-
lyzed regulating system is asymptotically stable 
for the imposed speed range (01500)[rpm] 
both, when a resistant couple is lacking or pre-
sent as Mr=MN. This conclusion is valid in both 
the continual and discrete cases where the sam-
pling time is sec][3,53 T . 

From those presented above we can say 
that the Gopinath observer adds self values to 
the control system that does not contain it in its 
loop without modifying the other self values. 
This conclusion is only valid when the matrixes 
that are the basis of projecting the Gopinath ob-
server are the same size with those of the in-
duction motor.  

In this paper we determined the upper and 
lower variation limits for the identified rotor re-
sistance for which the x0=b0 equilibrium point 
remains asymptotically in both the discrete and 
continual cases. 

After the study we obtained the following 
information emphasized within Table 1 for the 
continual case ant Table 2 for the discrete case.  

 
Table 1 

Continual case 

 Mr=MN Mr=0 
LI 0,91Rr 0,1 Rr 
LS 1,48Rr 2,61106Rr 

 
Table 2 

Discrete case 

 Mr=MN Mr=0 
LI 0,91Rr 0,1 Rr 

LS 1,48Rr 306,39Rr 

 
Where, through LI we noted the lower 

limit and through LS we noted the upper limit 
of variation of identified rotor resistance. 

From the tables above one may notice that 
the upper limit for the discrete case decreases 
compared to the upper limit of the continual 
case when the resistant couple is null. The up-
per limit stays the same in both the discrete and 
continual cases when Mr=MN. 

The lower limit for the discrete case is the 
same as the lower limit of the continual case in 
both the lack or presence of the resistant couple. 

Also, from the tables above one may no-
tice that the upper limit in case of lacking resis-
tant couple increases compared to the upper 
limit in case of having resistant couple and the 
upper limit in case of lacking the resistant cou-
ple decreases compared to the lower limit in 
case of having resistant couple. This conclusion 
remains valid for both, the continual and dis-
crete cases. 


