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The paper focuses on development of the analytical theory to assess spatial distribution of energy released during 

propagation of the fast electron beam in a gas, in particular in the air at electron energies of 1-100 keV. An approach adopted 
by authors [2, 3] to study inelastic deceleration of electrons in the air is further developed here. As the inelastic interaction in 
most cases leads to energy relaxation while elastic interaction causes distribution isotropization over directions, the first task 
solved in the paper is finding the electron distribution function including only elastic collisions. In the final part of this paper 
an analytical solution to this task is presented with account of both types of electron deceleration in the air.  

The calculations show that when elastic collisions are taken into account this leads to increased spatial density 
of energy release and to narrowing of the primary energy release region of the fast electrons, as compared to calcula-
tions accounting for only inelastic deceleration. 
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Introduction For hypersonic aircraft engineering actual relaxation of fast electrons with energies 

up to 100 keV in a gas is a task of high relevance. In order to optimize the external aerodynamic flows 
and improve engine performance of such aircrafts it is proposed to use MHD control of gas flows. For 
this purpose in order to create MHD effect a high-energy electronic beam can be applied. Calculation of 
the ionization degree of emerging plasma is reduced to calculation of the spatial distribution of energy 
released in the gas. This distribution in its turn is simulated using the Monte Carlo method. As the initial 
energies of electrons are high, while differential cross-section of electron collisions with atoms and gas 
molecules is rapidly decreasing with increase in energy transferred to the atom, the loss of electron en-
ergy in each collision is minor. This results in a need to take into account dozens of thousands of colli-
sions, which even given the present-day high speed computing is very time consuming. 

This paper focuses on development of the analytical theory to assess spatial energy distribution of 
fast electron beam with energies from 1 to 100 keV during its propagation in the air. An approach 
adopted by authors [2, 3] to study inelastic deceleration of electrons in the air is further developed here. 

First the task of finding the electron distribution function including only elastic collisions is solved. 
In the final part of this paper an analytical solution to this task is presented with account of both types of 
electron deceleration in the air.  

1. Solution of Boltzmann equation including only elastic collisions. Let’s use a physical model 
developed in study [2]. Besides let’s use the same notations as used in the above study. Here it should 
be reminded that we review an approximation when inelastic collisions of electrons with gas molecules 
lead only to changes in energy while elastic collisions cause changes in direction. As demonstrated in 
[2], such approach is reasonable in experiment conditions. Differential cross-section of electron elastic 
scattering by molecules, mentioned in [8], can be described with the following formula 
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where 0r  is the classical radius of electron; cvZ /;137/  ; Z, v and c are the charge of target atom 
nucleus, the electron velocity and the speed of light, respectively; and Θ is the polar scattering angle.  

The screening parameter in Moliere approximation is defined based on the following correlation [8] 
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The Boltzmann equation including only elastic collisions is as follows 
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where )(Ee  is the inverse free path for elastic collisions; 0 = cos =  cos11 22 is 
the cosine of shattering angle.  

As the distribution function does not depend on the azimuthal angle  , when performing integra-
tion with this variable in the right-hand side (2), we obtain the following 
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Therewith normalization condition is met 
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Let’s have a look at the model scattering indicatrix :),( Egme  

)()()(),( 21 EaEaEgme  .                                              (4) 

Let’s select )(),( 21 EaEa  functions based on condition of equity of two first moments of model and ac-
curate indicatrix. Thus we obtain 
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where 
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),( dEge , and coefficients )(),( 21 EaEa  appear to be non-dependent on .  

By substituting indicatrix ),( Egme  in equation (3) and using the first of the equalities (5), 
we obtain 
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Thus, we have reduced the problem to the kinetic Boltzmann equation with a spherically symmetric 
scattering indicatrix. Equation (6) shall be complemented by a boundary condition 
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To solve task (6), (6а) results presented in [3, 4] can be used. According to these results solution to 
equation (3), restricted to infinity, can be presented as follows: 
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Using the boundary condition (6а) we may obtain 
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where functions, included in (7), are defined by formulas [4,5]: 
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and )arctg( t  changes from   to 0, when t  changes from 0 to 1.  
Function )(uG  can be defined using formula 
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with arbitrary function )(uF .  
Omitting cumbersome arithmetics below are the end formulas for ),(),( zzN    )(),( 2 zz    
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and )(),(),(),( 3210 zFzFzFzF   functions are calculated by the following formulas: 
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Besides the following correlation is reached 

011 )()( AzAzD  .                                                            (13) 

Formulas (7), (8), (9)-(13) provide solution to the task in hand. For specific calculations of function 
),( zf  moments the following approximation formula appears to be useful with a span of error of a 

few percentage points: 
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It is apparent that transition from variable z  (distance expressed in path lengths calculated by iso-
tropic part of elastic scattering cross-section) to variable z~  (distance expressed in path lengths calcu-
lated by full elastic scattering cross-section) is performed using the following formula 














)(1~)(2~
2

EzEazz .                                                     (15) 

Besides for the numerical calculations the following approximation is useful with accuracy of sev-
eral percentage points: 
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2. Complete solution to the problem of high energy electron beam propagation in the air.  
As demonstrated by calculations [2], in the electron energy range being of interest for us the inelastic 
scattering cross-section greatly exceeds the elastic scattering cross-section. Thus when energy is 2 keV 
the correlation is about 20 and with energy increase it increases further, since, as mentioned previously, 
the inelastic scattering cross-section as opposed to elastic scattering cross-section has almost no depend-
ence on energy. So between relatively rare elastic collisions, which change the direction of electrons, the 
electrons move in straight lines, experiencing inelastic collisions in which the energy is lost.  

Let’s first consider the effect of energetic relaxation between successive elastic collisions on the re-
sults obtained. In order to measure this effect we assume that the electrons experience only elastic colli-
sions, but before each collision their energy decreases and becomes equal to the mean energy of the 
flow )(zE , calculated only with account of inelastic collisions in the study [2]. While all distances will 
be expressed in the length of path between inelastic collisions, i.e. thus we move to variable   zEz 00 . 
It is obvious, that spatial variable in all formulas shall now take )(zX  value: 
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When calculating integral in this formula we obtain the following 
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Let’s calculate z  values at which complete isotropization of angular electron flow propagation oc-
curs, i.e. when the below correlation is reached  
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With account of the above results we see that the respective value of ),( 01 EzE  can be found as a solution 
to transcendent equation 
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)( 00 Ez  value turns to be much greater than 1 and, for example, when 0 2 keVE   the following is true 
900 z , and for 0 100 keVE   this parameter is 4

0 3.8 10z   . 
In study [2] it has been shown that the following dependency )(zE  can be well illustrated by a linear 

function. Therewith almost full relaxation of energy corresponds to the following distance from the depar-
ture surface: 
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with function )( 0EK  defined in [2]. 
Calculations of   )(/)( 0000 EzEzEr e  variable show that at initial energy of electrons 

02 keV 100 keVE   its value is in the range between 18 and 35%. While the estimated mean electron 
energy in region )( 00 Ezz   with account of other inelastic collisions indicates that its difference from the 
initial energy does not exceed 0.2%. It means that isotropization of angular electron beam distribution oc-
curs within the indicated energy range with virtually no relaxation of electrons’ energy and at a distances 
from the departure surface much smaller than the region of major energy release. Then the following 
solution to the task can be suggested with account of inelastic and elastic collisions of electrons with 
gas molecules.  

Let’s first review region  00 Ezz  . As we could see at  00 Ezz   distribution of electrons is almost 
isotropic. Then electrons experience inelastic collisions coupled with loss of energy and elastic ones 
changing their direction. But then it can be easily proved that at any  00 Ezz   electron distribution func-
tion is isotropic. In such a case it is obvious that elastic collisions which change only direction and do not 
lead to any changes in distribution function may be neglected. Besides within the frames of the model pro-
posed in [2] we assume that full cross-section of inelastic collisions has almost not dependence on the 
electron energy In this case kinetic equation for electron distribution function looks as follows 

 





t

nd tdtttzfatzf
z
tzf

0
)(),,(),,(),,( ,                                     (20) 

where   is the cosine of an angle between the inner normal to the plane and the electron direction; 
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As it was demonstrated in study [1] in this situation in order to solve kinetic equation the so called 
Р1-approximation can be used. Based on the same assumption as made in study [2], that the cross-
section )'( ttnd   has an exponential form: 
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 )')((exp)(),1()'( 000 ttEbEbEtt nnd  ,                                       (20а) 

(formulas for values included in (20а) are presented in [2]), let’s present ),,( tzf  in the following form 
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Let’s put (21) into (20) and integrate it by all electron directions, then put (21) in (20), multiply by 
  and also integrate it. In the end we obtain the following system of linear integrodifferential equations 
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Boundary condition for system (22) can be written down as 
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where )(),( 10 tt   stands for some yet unknown functions. 
Excluding function ),()0( tzf  out of the system (22) and applying to the resulting equation the 

Laplace transform using t  variable, we obtain the Laplace’s equation ),(1 pzg  for function ),()1( tzf : 
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where )(1 pG  and )( pl  are the Laplace transforms for functions )(1 t  and )(tnd  respectively.  
Assuming that cross-section )(tnd  is determined by formula (20a) and applying the Laplace in-

verse transform to the solution of equation (24), with account of (23) we get 
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Now let’s review region   zEz 00 . Integrating Boltzmann equation tor electron distribution func-
tion with account of both inelastic and elastic deceleration [2] for region   zEz 00  the following sys-
tem of equations is obtained: 
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



 



1

1

1

1

22 ),0,(),0,()( dzfdzfz . 

Performing the same sequence of steps as described above we obtain 

  ),(),(;0)()(1
])([

0000
2

02
0

22

pGpzggplEb
z

gz



                             (27) 

where )(0 pG  is the Laplace transform for function )(0 t .  
As illustrated by estimates the equation (27) meets the conditions of WKB-approximation [6]. In this 

approximation solution to equation (27) looks as follows 
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From (26) similarly to the case   zEz 00  we obtain 
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Applying the Laplace inverse transform for region   zEz 00  we finally obtain 
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Here it’s worth reminding that the purpose of this study is to obtain the following values 

zd
EzEdEzE ),();,( 0

0 . Therewith in addition to the distribution function integration by variable E  (with 

E weight) the integration shall be performed by all electron directions with a weight equal to  . It is 
obvious, than when distribution function is determined by expression (21), a summand that includes 

)0(f  will turn to zero, that’s why there is no need to calculate a symmetrical part of electron distribution 
function.  

Now the function shall be found which according to definition looks as follows 
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Let’s show that in the range with electrons’ initial energies 0 2 keVE   the first summand in ex-
pression for )(1 t  (29а) can be neglected. From the above it is clear that the flow of electrons moving 
from the half-space to the departure plane is weakly anisotropic. Then in kinetic equation at 0  elas-
tic collisions may be neglected. Electrons moving towards the departure surface appear due to changes 
in electron directions after elastic collisions. It is clear that the smaller is the value of 0  before the 
elastic collision, the greater is the probability that this electron after the collision will change its direc-
tion and move towards the departure plane, i.e. that after collision it will have 0 . As we would like 
to make an assessment from the top, we assume, that all electrons with 0  are moving with the 
minimum possible cosine between the normal to the departure plane and the electron direction, i.e. with 

5.0 , corresponding to isotropic distribution. Integrating kinetic equation by   in a range from 0 to -
1 with masses 1 and  , we obtain the following system of equations: 
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where 
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1, dEge ; ),( tzf  is calculated by formula (23a) presented in study [2]; 
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Applying to system (30) the Laplace transform and excluding function )0(
g , we obtain the second 

order differential equation for function )1(
g . Solution to this equation looks as follows 
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 ,                                          (31) 

where )1(
g  is the Laplace transform for function ),()1( tzf ; )()(1)( 0 plEbp  .  

When )( pl  is determined by formula  )(/)()( 00 EbpEbpl  , application of the Laplace inverse 
transform yields 
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Therefore for this energy flow from the half-space 0z  through the departure plane we have the fol-
lowing 
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Calculations show that the value of 0/)0( EE  at 0 2 keVE   is a few percent of 0E  and decreases 
rapidly with the increase in electron initial energy. Physically it can be explained, firstly, by relatively 
small scattering angle at the time of elastic collisions, and secondly, by relatively small cross-section of 
elastic scattering as compared to the cross-section of inelastic scattering. Thus, when calculating energy 
release in a gas at 0z  the distribution function of electrons moving towards the departure plane may 
be neglected. Then the below correlation is reached with the accuracy as specified 
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Using formulas (29) and (34) for mean energy and energy release within the value range   zEz 00  we 
can obtain the following correlations:  

 ),()( 0EzYEzE nne  ;                                                         (35) 
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where ),( 0EzX  is calculated by formulas (17а) and (18) of this paper and values 
( )( ) and n

n
dE zE z

dz
  

by formulas (24) and (25) respectively of paper [2].  
For numeric calculations in order to reduce the time of calculations it’s convenient to use the fol-

lowing approximation for function )(2 z : 
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It shall be noted that as at   zEz 00  the below correlation is reached within a tens of a percent 

 
3

1),( 0
2  EzX , 

the formulas (35) are valid for the entire half-space. It should be remembered that formulas (35) of the pre-
sent study give a possibility to take elastic collisions into account, regardless of the method by which the 
electron energy relaxation is measured due to inelastic collisions (including numerical method). 
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Based on the results discussed above for the energy release area the following formula can be ob-
tained 

.
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3. Discussion of Results. Fig. 1 shows calculations of the mean electron beam energy with account 
of both types of deceleration ),( 0EzEne  and with account of only inelastic collisions ),( 0EzEn  for ini-
tial energies of electron departures equal respectively to 10 and 5 keV. It is seen, that when elastic colli-
sions are accounted for this leads to faster energy relaxation, which naturally shall result in higher peak 
values of energy release in a gas. Fig.2 referring to initial energy of 2 keV shows values 

zdEzEdzdEzEd nen /),(;/),( 00 calculated by us and numerically determined by Monte Carlo method 
( zdEzEd ne /),( 0 ) [9] and by method of function expansion by number of collision ( zdEzEd n /),( 0 ) [9]. 
The data presented evidences that analytical estimates satisfactorily match the results of numeric calcu-
lations [9]. In addition dependencies illustrated in Fig.2 prove that, firstly, value zdEzEd ne /),( 0  is actu-
ally exceeding zdEzEd n /),( 0 . Secondly, this value is first noticeably increasing and then after reaching 
its maximum drops to zero.  

Let’s discuss physical reasons behind the indicated regularities. When only inelastic collisions are 
taken into account, the electron beam energy is relaxed upon electrons’ normal movement towards the 
departure plane 0z , i.e. in the volume element dxdydzdV   located at point ),,( 1111 zyxA  energy is 
released only partially from the electrons which departed from plane element dydxdS   from point 

)0,,( 112 yxA . The account of elastic collisions changing electron directions leads to the situation when 
electrons emitted from other points of the plane 0z  with coordinates 11; yyxx   get into the vol-
ume element dV  (Fig. 3). This naturally leads to increased energy release in the volume element dV . It 
is clear that the smaller is the average cosine of an angle between the normal to the plane of departure 
and the electrons’ direction )( 1z , the greater is (at the fixed coordinate 1z ) the departure region of the 
plane, "visible" from the point 1A . Thus reduction in )( 1z  leads to faster energetic relaxation of elec-
trons. This is a reason why at the beginning zdEzEd ne /),( 0  is increasing. After )( 1z  reaches its 
maximum value equal to 0.5, the increase in specific energy release halts.  

In study [7] it was experimentally proven that dependency of the energy release zone sizes )( 0ER  
and initial segment of the dependency ),( 01 EzE  in the range of initial energies 05 keV 54 keVE   
can be well illustrated by the following correlations: 
 

 

Fig.1. Dependency of the mean electron energy on the number of collisions calculated with account of both elastic 
and inelastic collisions )(zEne  and of only inelastic collisions )(zEn  at initial energy of electrons equal to 10 keV (a) and 5 keV (b) 

1 10 100 

10 

1000 

5 

0 

( ), ( ), keVne nE z E z

z

( ), ( ), keVn neE z E z

z10 100 

4 

1000 

2 

0 

)(zEn)(zEne

а b 



 
 

 

DOI 10.18454/PMI.2016.4.611 
 

V.S.Sukhomlinov, A.S.Mustaphaev 
Spatial distribution of energy release... 

620 
Journal of Mining Institute. 2016. Vol.220. Pages 611-621 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

1.66
0 1 0( ) ;R E E  

0.6

1 0 0
0

( , ) 1 .
( )
zE z E E

R E
 

  
 

                                 (37) 

From the second correlation (37) the below correlation can be easily obtained 

0.661 0
1 0 0 2 0

(0, ) ( , ) ,z
dE E E z E E

dz
 

                                              (38) 

where 21,  are certain numeric coefficients.  
Fig.4 shows a comparative data for the maximum specific energy release in a gas at different initial 

energies of electrons, and Fig.5 and 6 show comparative data for calculated values not dependent on the 
constants 21, , respectively: 
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on electron initial energy  
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Fig.5. Comparison between values of energy release 
zone relative width r(Е0) и Н(Е0) respectively measured 

by the author of paper [7] and calculated by us  

Fig.2. Dependency of specific energy release on the number of  
collisions (coll.), calculated with account of both elastic  
and inelastic collisions zdEd ne /  and only inelastic collisions 
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It is seen that analytical calculations presented in 
this paper appear to be good description for experi-
mental results [7]. Furthermore, with increase in 0E  
the value of zdEzEd ne /),( 0  is decreasing, but zone 
size (calculated for energy of electrons 0E  and ex-
pressed in the number of inelastic collisions), where 
the major energy is released, is expanding. This is 
due to the fact that with increase in the departure en-
ergy the mean energy transferrable in electron colli-
sion with gas atoms is decreasing. Such decrease oc-
curs non-lineary. In addition when electron departure 
energy is increased, the size of zone where electron 
distribution function undergoes isotropization is in-
creasing. The described regularities lead to the ob-
served dependency of zdEzEd ne /),( 0  from 0E .  

Conclusion. Below we summarize the main results of the study. 
•A physical model of fast electron energy relaxation in a gas with account of elastic and inelastic 

collisions has been proposed. The calculated mass deceleration ability of the air is well illustrating the 
known experimental data. 

• It has been revealed that it’s important to take into account the elastic collisions to measure elec-
tron beam energy relaxation. In particular this leads to a significant increase in released energy and a 
decrease in the range where major energy release occurs. 

• The analytical expressions have been obtained for mean flow energy and rate of energy release in a 
gas, which significantly (by dozens of times) reduce the time spent on measuring specific parameters of 
the energy release zone as compared to calculations using Monte Carlo method. 

• The calculations have been made to assess energy release rates at different initial electron emis-
sion energies. Results are in a satisfactory accord with the known experimental data and numeric calcu-
lations by method of distribution function expansion by number of collisions. 
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Fig.6. Comparison of specific electron energy release 
e(Е0) and D(Е0), respectively measured by the author 

of paper [7] and calculated by us  
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