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Abstract 

Water- and oil-based drilling fluids are polydisperse non-Newtonian systems, the stress state of which is adequately 

described by the Herschel – Bulkley rheological model. This study hypothesizes that cuttings transport efficiency can 

be improved by selecting the most effective combination of the three parameters of the rheological model – yield stress, 

consistency index, and flow behavior index – when designing drilling fluid properties. The effective parameter combi-

nation of the Herschel – Bulkley model for achieving a uniform velocity profile was determined using correlation and 

regression analysis methods as well as machine learning techniques. The computational part of the work was performed 

in the Wolfram Mathematica symbolic calculation package. Deterministic regions of the dependence of the velocity 

profile uniformity index on the rheological coefficients were identified. For practical engineering calculations, a linear 

mathematical model was constructed to represent the relationship between the modified excess coefficient and the 

parameters of the three-parameter Herschel – Bulkley rheological equation. The proposed methodology can be recom-

mended for designing new drilling fluid systems and testing existing ones under given wellbore cleaning conditions. 
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Introduction 

One of the most important functions of drilling fluids is to transport drilled cuttings to the 

surface. Cuttings transport efficiency is governed by annular flow velocity, fluid density, and its 

rheological characteristics. The correct selection of rheological parameters significantly enhances 

the rate of penetration [1]. Control of drilling fluid rheology is achieved through the selection  

of chemical additives and their concentrations [2, 3]. The velocity profile of drilling fluids has a 

significant impact on cuttings transport efficiency [4]. A flat velocity profile in the wellbore  

annulus provides a more uniform momentum transfer to the particles in the direction of flow. 

When fluids flow in pipes, the velocity profile exhibits a symmetric distribution with maximum 

velocity at the center of the flow [5]. In annular flow, however, the maximum velocity shifts 

toward the pipe axis. This leads to uneven cuttings transport and the formation of stationary  

cuttings beds along the wellbore walls [6, 7]. These effects are confirmed by both  

analytical and numerical solutions of the governing flow equations [8, 9]. Experimental data also 

validate the non-uniformity of velocity profiles in both pipes and annular geometries [10].  

Research [11] demonstrates strong agreement between numerical simulations of cuttings-laden 
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flows and laboratory-scale experimental results. Similar solutions can be obtained using the 

control volume method implemented in software packages such as ANSYS Fluent and Open-

FOAM [12, 13]. These computational tools also enable modeling of wellbore cleaning while  

accounting for drillstring rotation [14] and thermal effects [15]. Temperature effects become  

particularly significant during well construction and production operations in Arctic environ-

ments [16, 17]. Research [18] addresses the modeling of cuttings transport in deviated and hori-

zontal wells under high-temperature and high-pressure conditions. At the same time, considerable 

attention is currently being given to drilling fluid losses. The calculation of flow velocities and 

pressures for specific wellbore conditions contributes to improving hole-cleaning practices in 

cases of drilling fluid loss [19]. 

When modeling the flow of drilling fluids, the choice of a rheological model plays a critical role. 

The rheological behavior of modern drilling fluids is best represented by the Herschel – Bulkley 

model [20-22]. This model is applicable both to fluids containing solid phases and to formulations 

without them [23]. The least-squares method is the most reliable approach for determining the 

coefficients of a rheological model. It is applied to approximate the experimental dependence of 

shear stress on shear rate [24]. The mathematical formulation of fluid flow in the wellbore annulus 

includes the governing equations of motion, the rheological model of the fluid, and boundary condi-

tions. The choice of the rheological model is of particular importance, since adjusting its coeffi-

cients allows control over velocity and pressure distributions. The mathematical model of drilling 

fluid flow in the wellbore annulus was adopted from [24]. In this research, a numerical method  

is presented to determine the velocity distribution of a non-Newtonian fluid represented by the 

Herschel – Bulkley model in annular geometries. In contrast to the Ostwald – de Waale model, it 

contains three coefficients: 

1

0

n
K


      , (1) 

where 0  – yield stress;   – shear rate; K – consistency index; n – flow index. 

The stationary modified Navier – Stokes differential equation for determining the velocity field: 

1p r
g

z r r

  
  

 
, 

where ρ – fluid density; r – radial coordinate; g – gravitational acceleration; p /   z  – pressure  

gradient along the length L. 

For the boundary conditions of the wellbore annulus: 

1 20; ;w r R r R   , 

where w – fluid layer velocity; 1  R  – external radius of drill pipe; 2R  – well radius.  

The assumptions include fluid incompressibility ρ = const, one-dimensional flow, and  

steady-state conditions: 

0
w

z





. (2) 

Research [24] compared the solutions obtained under the Newtonian fluid approximation with 

the analytical solution for Poiseuille flow in an annular gap. The physical adequacy of the numerical 

solution was confirmed when varying the input parameters. The numerical solution was implemented 

in Wolfram Language as an interpolating function that enables velocity values to be represented as a 
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function of the coordinate. In addition, a numeri-

cal indicator of velocity profile uniformity, re-

ferred to as the modified excess coefficient, was 

introduced: 

4

2

2

3E


 


, 

where 2 ,  4  – the central moments applied to 

the velocity distribution in the flow. 

A minimum value of this parameter indicates 

the presence of the most uniform velocity profile. 

The use of program code makes it possible to 

obtain numerical solutions for the velocity profile. The corresponding modified excess coefficient 

characterizes the uniformity of the velocity distribution. For a more accurate visual assessment, the 

velocity distribution is plotted in a dimensionless form. This form represents the ratio of point velocity 

to the mean flow velocity –   / .w r w  The plotting domain is located between the drill pipe wall R1 

and the wellbore wall R2. Examples of velocity distributions and the corresponding values of  

the excess coefficient are shown in Fig.1. The most elongated and shifted profile corresponds to the 

highest value of parameter E. 

It is known that in the Shvedov – Bingham model, the value of yield stress influences the  

uniformity of the velocity distribution, while plastic viscosity determines the average flow velocity. 

In the Ostwald – de Waale power-law model, a reduction in the flow behavior index n leads to the 

formation of a flatter velocity profile. A drawback of this approximation is that it does not account 

for the yield stress of the drilling fluid 0.  The rheological equation of the power-law fluid  

is expressed as: 

1n
K


    . 

Research [24] showed that in the Herschel – Bulkley model, no explicit correlation is observed 

between the parameters 0 ,  K, n and the modified excess coefficient E. This confirms that the velocity 

distribution of the fluid cannot be controlled by adjusting 0 ,  K, n independently of one another. 

Controlling only the flow behavior index n, as in the power-law model, does not yield a positive  

result [4, 8]. Considering these limitations, the objective of this work is to develop a method for 

determining the interrelations among the three rheological parameters of the Herschel – Bulkley 

model, with a tendency toward forming a more uniform velocity profile. The uniformity can be  

numerically assessed using the modified excess coefficient. 

Methodology 

To determine the effect of the parameter combination of the Herschel – Bulkley model (1) on 

the uniformity of the velocity profile, it is necessary to establish the dependence of the modified 

excess coefficient E on the parameters 0 ,  K, n. Since E depends on the velocity distribution obtained 

from the numerical solution of the momentum equation with specified geometric conditions, pressure 

drops, and fluid parameters, the problem reduces to identifying the relationship among these numerical 

parameters. A nonlinear form of dependence is assumed: 

0( , ,E f K n  ). (3) 

To establish such a dependence, it is necessary to construct a table of values for E, 0 ,  K,  

and n, that correspond to the physical and technological parameters of the wellbore cleaning process. 
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Fig.1. The flattest and most elongated velocity profiles 
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When preparing this table, wide parameter ranges are proposed as constraints for 0 ,  K, and n, cor-

responding to the properties of drilling fluids [25]: yield stress 0.1 0 5    Pa; consistency index 

2 15K   Pa·sⁿ; and flow behavior index 0.15 1n  . For the most promising fluids, rheological 

parameters are assumed that ensure efficient cuttings transport under laminar flow conditions. These 

parameters are calculated according to the methodology presented in [26]. Under laminar flow con-

ditions, dynamic pressures are lower than in turbulent flow, which reduces the risk of formation frac-

turing during hole cleaning. Therefore, the critical velocity of the drilling fluid is calculated, above 

which the flow regime transitions from laminar to turbulent [27].  

Next, the cuttings transport quality index for the critical velocity of the drilling fluid is calculated 

by determining the cuttings transport velocity based on the difference between the flow velocity and 

the particle settling velocity. Shear stresses and the flow regime in the vicinity of the particle, which 

may be either laminar or turbulent, must be taken into account. For the parameters 
0 ,  K, and n, 

corresponding to high values of the cleaning index, the velocity profile is calculated at pressures 

associated with the critical velocity of the drilling fluid. The calculated modified excess coefficient E 

is entered into a table for further processing.  

The three-factor dependence 0( , ,E f K n  ) may exhibit a pronounced nonlinear character. The 

next task involves identifying the deterministic sections of dependence (2) with the possibility of 

determining linear segments, after which a linear multifactor regression can be constructed: 

0 1 0 2 3E a a a K a n     , (4) 

where ai – the regression coefficients. 

The advantage of isolating linear segments lies in the possibility of obtaining an analytical 

form of the dependence, which is preferred by drilling hydraulics designers for evaluating velocity 

profile uniformity when selecting a drilling fluid. 

Machine learning methods have been successfully applied to describe multifactor nonlinear 

dependencies. For example, in [28] it is described the use of a neural network to evaluate equivalent 

circulating density  based on large datasets. In [29], a neural network approach was employed to 

predict the plastic and effective viscosities of oil-based drilling fluids. Research [30] utilized a 

Gaussian process model to forecast drilling fluid rheological properties from six factors: Marsh 

funnel viscosity, density, volumetric content of water, oil and solids, and temperature. The coef-

ficient of determination exceeded 0.9, indicating high predictive accuracy.  The authors of [31] 

applied hybrid machine learning to achieve rapid prediction of rheological and filtration proper-

ties of water-based drilling fluids. Research [32] employed machine learning methods  

to predict porosity and permeability during drilling. Research [33] proposed a neural network 

training approach (Python programming language) for forecasting drilling fluid properties  

under high-pressure and high-temperature conditions. The results were compared with the  

Herschel – Bulkley and power-law rheological models. Yield stress values were predicted using 

three input parameters: shear rate, pressure, and temperature. In [34], the authors developed a 

script in Wolfram Language to implement a logarithmic-linear (L-L) mathematical model. Using 

this code, a mathematical model was realized for analyzing the rheological properties of drilling 

fluids, based on a nonlinear relationship between measured shear stress and shear rate values  

in fluids used for drilling oil and geothermal wells. Machine learning methods have also proven 

effective in addressing problems related to wellbore complications during field operations [35, 36]. 

Such approaches are particularly suitable for processing field data with high levels of noise 

caused by random factors. 
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Based on the objectives of this study, Wolfram Language was selected for the full calculation 

cycle, including the numerical solution of the momentum equation with respect to the velocity 

profile and the identification of deterministic sections of dependence (3). Using the Predict func-

tion, a machine learning method is selected – Random Forest, Nearest Neighbors, Decision Tree, 

and others [37]. A drawback of predictive models is the inability to construct an analytical form 

of the dependence. The identification of linear sections of the dependence makes it possible to 

transition to a linear multifactor regression model. The LinearRegression option within the  

Predict function enables the construction of multifactor linear dependencies of the form (4).  

To select the most effective method of the Predict function for processing the initially compiled 

data table, a predefined template is applied to test each method and compare the coefficient of 

determination R2. For identifying deterministic sections potentially suitable for constructing the 

analytical form (4), the method with the highest R2 value is used. The presence of deterministic 

sections can be readily determined by analyzing the ComparisonPlot and ResidualPlot graphs, 

which illustrate the deviation between actual and predicted values as well as the magnitude of 

deviation across different segments of the predicted values. 

A methodology has been developed to determine the most effective parameter combinations of 

the Herschel – Bulkley model for ensuring high-quality wellbore cleaning, including through the for-

mation of the most uniform velocity profile. The methodology consists of the following steps: 

• Using the procedure for calculating the cuttings transport efficiency index, establish the initial 

requirements for the rheological characteristics of the drilling fluid under the power-law rheological 

approximation while maintaining laminar flow conditions. 

• Determine the type of velocity profile by calculating the modified excess coefficient for  

a Herschel – Bulkley fluid with K and n values that satisfy the initial requirements. 

• Identify the combinations of 0 ,  K, and n that meet the requirement of high cuttings transport 

efficiency and provide a uniform velocity profile with the lowest value of the modified excess coef-

ficient E. 

• Apply machine learning methods to establish the relationship between 0 ,  K, n and the quanti-

tative indicator of velocity profile uniformity – the modified excess coefficient E. 

• For the sections selected for constructing an analytical form of linear multifactor regression, 

calculate the regression coefficients. 

• Develop methodological recommendations for the design of drilling fluids with effective com-

binations of rheological parameters 0 ,  K, and n to ensure high-quality cuttings transport in laminar 

flow while maintaining a uniform velocity profile. 

Discussion 

Using Wolfram Language, 9235 combinations of the parameters 0 ,  K, and n were generated 

within the specified bounds and step size : 

0.1  0  5; 
0

 = 0.25 Pa; 

2 15;   KK    0.5 Pa∙sn; (5) 

0.15  n  1; n = 0.05.  

The cuttings transport efficiency index was calculated for the critical velocity of the drilling 

fluid, defined as the velocity above which the fluid transitions to turbulent flow. This choice is justi-

fied by the requirement to remain within safe drilling parameters under laminar flow, which is charac-

terized by significantly lower hydrodynamic pressures. The common input parameters for the  
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calculations are as follows: drilling fluid density – 

1200 kg/m3; cuttings density – 2300 kg/m3; diame-

ter of the spherical coarse cuttings model – 7.6 mm; 

wellbore diameter – 215.9 mm; and outer diameter 

of the drill pipe – 146 mm. 

Out of the total combinations, 7980 provide 

cuttings transport efficiency greater than 70 %, 

while 7582 combinations exceed 80 %. The highest 

efficiency is observed at n = 1; however, modern 

drilling fluids for directional and horizontal wells 

exhibit pronounced pseudoplastic properties, and 

the parameter n << 1 [38]. A graph characterizing 

the trend of cuttings transport efficiency as a func-

tion of the rheological coefficients K and n is shown in Fig.2. With increasing values of the con-

sistency index K and the flow behavior index n, the particle settling velocity decreases, since in the 

power-law rheological model the consistency index serves as an analogue of viscosity. Consequently, 

an increase in viscosity reduces the particle settling velocity due to the enhanced ability of the fluid 

flow to suspend particles. This conclusion is consistent with Stokes’ theory through the viscous  

characteristics of the fluid [39]. 

The flow behavior index in the power-law rheological model reflects the non-Newtonian behavior 

of the medium: with increasing shear rate, viscosity decreases at low values of the exponent.  

Consequently, when n  1 viscosity shows a lower tendency to decline; at n = 1 viscosity remains 

constant; and when n > 1 the fluid can be considered dilatant, although such fluids are not used in 

drilling. An increase in viscosity enhances suspension capacity; therefore, its reduction, reflected by 

a decrease in the parameter n, is undesirable for cuttings transport. As these coefficients increase, the 

critical velocity of the drilling fluid also rises. The turbulent regime occurs at higher velocities, which 

is favorable for the drilling process, since the flow rate can be increased while avoiding transition to 

turbulent flow with high pressure [40]. 

The occurrence of turbulent flow is influenced by the hydraulic diameter of the wellbore annulus, 

the rheological characteristics of the drilling fluid, and its density. The most effective method for 

preventing the onset of turbulence is to reduce the drilling fluid flow rate and maintain its parameters 

within the range specified by the designed drilling hydraulics program. In well construction projects, 

pressure control is also carried out in terms of equivalent circulating density [41]. 

The values of the modified excess coefficient were calculated for each velocity distribution while 

varying the parameters 0 ,  K, and n under pressure drops corresponding to the critical flow velocity. 

According to the two-sigma statistical rule, profiles with the most uniform velocity distribution were 

identified with a probability of 95 %. A total of 4845 cases with cuttings transport efficiency greater 

than 70 % and n ≤ 0.8 correspond to the currently relevant formulations of drilling fluids. For these 

cases, the values of the velocity profile uniformity index were determined. The test was carried  

out for fluids with cuttings transport efficiency greater than 70 % and n ≤ 0.8. The next step was to 

determine the dependence of type (3) of the modified excess coefficient on the parameters of the 

rheological model. Based on the results of [24], it can be assumed that the relationship is nonlinear. 

Due to the multifactorial nature of the approximation task, a machine learning method selection tem-

plate was used. The data were randomly divided into training and test sets in an 80/20 ratio. The input 

parameters were 0, , ,K n  the output parameters were the modified kurtosis coefficient E. According 

to the coefficient of determination, the Neural Network method in Wolfram Language proved to be 

Fig.2. Dependences of the efficiency coefficient of cuttings 

transport on the coefficients K and n of the rheological model 

of a power-law liquid 
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the most effective for this task, with R2 = 0.996 (Fig.3). The distribution of deviations (Fig.3, b) also 

indicates the high quality of the approximation. Analysis of the graphs showed that deterministic 

sequences were identified for the modified excess coefficient starting from 0.9. Further consideration 

of the problem continues exclusively within this interval. 

The most uniform velocity profile from the deterministic values is 0.9  Е  0.95. The parameter 

constraints (5) become more stringent due to the requirements of achieving high cuttings transport 

efficiency: 

0.35  n  0.8; 

2.5  K  15 Pa∙sn; (6) 

0.5 0  5 Pa. 

According to [24], controlling these parameters independently within the Herschel – Bulkley 

rheological model to achieve a uniform velocity profile is not possible. Analysis of parameter com-

binations of the rheological model that are effective for cuttings transport under laminar flow with 

the presence of the most uniform velocity profiles showed the necessity of fulfilling conditions for n 

and 0  depending on K: 

n  –0.02K + 0.65; (7) 

0  –0.3182K + 5.2727. 

Thus, it has been established that when using a bit and drill pipes with diameters of 215.9 mm 

and 146 mm, respectively, the most uniform velocity distributions of fluids modeled by the Herschel – 

Bulkley rheological model correspond to calculated parameter values in the range 0.9 ≤ 𝐸 ≤ 0.95. To 

achieve these values, the permissible limits of the rheological parameters were determined as (6) and (7). 

The presented sequence of calculations requires sufficiently advanced engineering skills and 

specialized software for data processing, which makes its application challenging in industrial prac-

tice. Therefore, for the end user, such as a drilling fluids engineer, a final calculation formula accom-

panied by practical recommendations for its application would be of significant value. 

Fig.3. Characteristics of the neural network method: a – dialog of the method characteristics; 

b – histogram of deviations ResidualHistogram; c – distribution of deviations by areas ResidualPlot 

a b 
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In the deterministic range of values (6) within 0.9 ≤ 𝐸 ≤ 0.95, it is proposed to construct a linear 

multifactor regression model of type (4), which can be used to calculate the modified excess coeffi-

cient and predict the velocity profile when testing drilling fluid formulations. For the values satisfying 

conditions (6) and (7), the LinearModelFit function of Wolfram Language was applied to perform 

linear multifactor regression. The coefficient of determination was R2 = 0.83, with the highest  

number of deviations recorded around zero. To predict the uniformity of the velocity profile in order 

to improve cuttings transport efficiency, the applicability of the constructed regression equation  

is confirmed: 

E = 1.0658 – 0.0059τ0 – 0.0031K – 0.1636n. (8) 

The graphs (Fig.4) show projections of the 

four-dimensional model (8) onto three-dimen-

sional space at fixed values of the rheological pa-

rameters. The response surfaces provide an ap-

proximation of the initial data in the examined 

regions. Low deviation values and R2 = 0.83 are 

explained by the weak manifestation of nonline-

arity in the vicinity of the response surface.  

Neglecting this minor nonlinearity, equation (8) 

can be used for sufficiently simple calculations. 

For the most uniform profile, E will assume the 

lowest values when conditions (6)-(7) are satisfied. 

The proposed modeling method is validated 

by comparing two parameter sets of the rheologi-

cal model for velocity distribution simulation: 

one obtained by numerical solution and the other 

using the control volume method in Ansys  

Fluent. The advantage of CFD software lies in its 

high calculation accuracy, which accounts for 

various influencing factors [42]. The calculation 

conditions are as follows: wellbore diameter – 

215.9 mm; outer pipe diameter – 146 mm; fluid 

density – 1200 kg/m3. For the Herschel – Bulkley 

model, two parameter sets are tested: 

1) 0 = 3.5 Pa, n = 0.6, K = 7, satisfying 

conditions (6), (7); 

2) 0 = 2 Pa, n = 0.4, K = 7, not satisfying 

conditions (6), (7). 

When calculating the modified excess coef-

ficient using the approximate formula (8), E = 

= 0.928 for parameter set 1 and E = 0.967 for pa-

rameter set 2. It has been established that the ve-

locity profile of parameter set 1 is more uniform 

compared to parameter set 2. Analysis of the 

graphs (Fig.5) shows agreement between the so-

lutions obtained by the numerical method and 

those obtained using the control volume method. 
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The minor deviation can be explained by dif-

ferences between the computational algo-

rithms of Wolfram Language, which con-

structs an interpolating function of the 

numerical solution, and the solver in Ansys 

Fluent. At the same time, it is evident that the 

hypothesis of a flatter velocity profile for pa-

rameter set 1 is confirmed by both calculation 

methods. 

Conclusions 

This work presents a method for estab-

lishing the relationship between the parame-

ters of the Herschel – Bulkley model and the 

modified excess coefficient in order to ensure a uniform velocity profile of the drilling fluid in the 

wellbore annulus. The scientific novelty of this study lies in the simultaneous consideration of all 

three parameters of the Herschel – Bulkley rheological model and the derivation of compatibility 

conditions for them. The hypothesis concerning the possibility of controlling the velocity distribution 

of a non-Newtonian fluid in the wellbore annulus through the selection of parameter combinations of 

the rheological model is analyzed. Improving cuttings transport efficiency can be achieved by main-

taining the most effective combination of Herschel – Bulkley model parameters when designing the 

properties of a drilling fluid to ensure a more uniform velocity profile.  

The analysis of the influence of the Herschel – Bulkley model coefficients on the uniformity of 

the velocity profile revealed a qualitatively new behavior compared to the use of simplified rheological 

models. While in the Shvedov – Bingham model velocity profile uniformity is achieved by control-

ling the yield stress, and in the Ostwald – de Waale power-law model by the flow behavior index n, 

in the Herschel – Bulkley model the simultaneous influence of 
0 ,  K, n, has been established, which 

necessitates determining the interrelation among them. 

This study demonstrates a method for determining the interdependence of the three rheological 

model parameters with the uniformity index of the velocity profile. As an example, combinations of 

the most favorable rheological parameters for cleaning the annular space between the pipe and the 

wellbore with diameters of 146 and 215.9 mm, respectively, are considered. Compatibility conditions 

have been defined for the flow behavior index
0 ,  n with the consistency index K. A linear mathemat-

ical model 0( , ,E f K n  ), has been constructed, reflecting the relationship between the quantitative 

indicator used to evaluate velocity profile uniformity and the coefficients of the three-parameter Her-

schel – Bulkley rheological equation. 

The implementation of these recommendations for designing drilling fluid parameters can result 

in the formation of a uniform velocity profile, thereby improving cuttings transport. The developed 

model makes it possible to numerically compare the uniformity of velocity profiles when testing po-

tentially recommended fluids. For comparison of the calculation results, the Ansys Fluent package 

was used. 

Using the described methodology, it is possible to analyze changes in the velocity profile for the 

most common combinations of annular space geometries. The presence of cuttings in the drilling fluid 

alters its density and rheological characteristics. Measuring the parameters of drilling fluid with cut-

tings under reservoir temperature ranges makes it possible to model the process under conditions 

close to those in the wellbore. These data can also be obtained using a continuous drilling fluid  

monitoring system at the rig. A promising direction is the development of nomograms for the rheo-

logical parameters of the Herschel – Bulkley model as a function of diameter ratios. The availability 

of such functional relationships enables more efficient selection of fluid parameters to ensure a uni-

form velocity profile in the wellbore annulus. 

Fig.5. Comparison of velocity distributions obtained using  

a numerical solution and using the Ansys Fluent package 
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