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Abstract. It is known that much of the technology aimed at intensifying fluid inflow by means of hydraulic 
fracturing involves the use of proppant. In order to transport and position grains in the fracture, a uniform supply 
of proppant with a given concentration into the fracturing fluid is ensured. The aim of the operation is to eliminate 
the occurrence of distortions in the injection program of proppant HF. A mathematically accurate linear increase 
of concentration under given conditions is possible only if the transient concentration is correctly defined. The 
proposed approach allows to correctly form a proppant HF work program for both linear and non-linear increase 
in proppant concentration. The scientific novelty of the work lies in application of a new mathematical model for 
direct calculation of injection program parameters, previously determined by trial and error method. A mathe-
matical model of linear and non-linear increase of proppant concentration during HF was developed. For the first 
time, an analytical solution is presented that allows direct calculation of parameters of the main HF stages,  
including transient concentrations for given masses of the various types of proppant. The application of the 
mathematical model in formation of a treatment plan allows maintaining correct proppant mass distribution by 
fractions, which facilitates implementation of information and analytical systems, data transfer directly from a 
work program into databases. It is suggested to improve spreadsheet forms used in production, which would 
allow applying mathematical model of work program formation at each HF process without additional labour 
costs. The obtained mathematical model can be used to improve the software applied in the design, modelling 
and engineering support of HF processes. 
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Introduction. The main purpose of enhanced recovery and increase in a degree of hydrocarbon 

raw materials extraction is improving the efficiency of oil deposits development [1-3]. Correct 
selection of technological parameters for impact methods on the near-bottomhole zone and for-
mation is of great importance [4-6]. With the shift of oil production towards the deposits with 
hard-to-recover reserves (HRR), substantiation of control solutions becomes especially urgent 
due to a considerable increase in the cost of errors [7-9]. Hydraulic fracturing plays a special role 
in the development of deposits with HRR, which rather often ensures cost-effective development 
of deposits [10-12]. 

A significant part of stimulation techniques involving hydraulic fracturing implies the use of 
proppant. To position the grains in the fracture, a uniform supply of proppant of a given concentration 
in the fracturing fluid is ensured [13-15]. 
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The target proppant concentration in a HF design is always higher than the concentration used 
at the initial stages [16, 17]. This is technologically necessary, since an instantaneous increase in 
concentration from zero to the maximum value will lead to complications during HF [18, 19]. At the 
initial stages, the proppant plays a role of abrasive material, perforation interval and bottomhole sec-
tion of the fracture are prepared for proppant injection with the target concentration. In order to en-
hance abrasive effect, reduce risks of technological complications and even the fracturing fluid filtra-
tion profile during injection, proppant with smaller average particle diameter and higher dispersion 
of diameter is used at the initial stages. In practice, this is achieved by using proppant of two frac-
tions – a small amount of the first and then the bulk of the larger fraction [20-22]. 

Materials and methods. Technological control during HF includes verification of actually in-
jected volumes of fluids and corresponding values of proppant concentration [23-25]. Transparency 
of technological control requires dividing total proppant mass into stages, as a rule, with a uniform 
increment of proppant concentration. The increment of proppant concentration remains constant at 
the main proppant fraction stages, but when transitioning from abrasive proppant to the main one, 
subject to the planned linear concentration increase, a problem with three interdependent variables 
appears: mass of abrasive proppant fraction, concentration increase rate during injection and transi-
tional proppant concentration – maximum for abrasive fraction and minimum for the main one. 
Among these three variables, the mass is given directly by the design value, while the concentration 
increase rate is determined by the total mass of proppant and the final concentration, which is also 
given by the design.  

If a strictly uniform increment of concentration from stage to stage is applied to the case where 
two proppant fractions are injected, it will lead to one of two errors, depending on the initial data. If 
the correct mass per stage is retained, the linear character of the concentration increase will be violated 
(Fig.1, a). In the opposite case, while maintaining the linear character of the concentration increase, 
an incorrect distribution of proppant mass in the stages will be obtained (Fig.1, b). 

Thus, a mathematically accurate linear concentration increase, assuming correct mass accounting 
by fraction, is only possible if the transitional concentration is calculated for the given conditions. 
This would accordingly violate the multiplicity of concentration increase by stages, but would ensure 
that the mass of each proppant fraction is correctly represented while maintaining the overall linear 
increase of concentration. The deviation given in Fig.1, b allows conducting technically correct HF 
process, but for simulation and automated accounting systems, this approach will lead to errors. The 
proposed approach allows correct representation of the transition moment for proppant type in the 
work program and thus both mass and concentration increase will correspond to the given technology. 

Results and discussion. A mathematical model of proppant concentration change during HF 
was built to solve the problem. The mathematical model revealed that in order to ensure linear nature 

Fig.1. Distortions arising from maintaining a concentration increment during transitions between  
fractions: а – deviation from the linear concentration increase; b – deviation by mass 
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of proppant concentration increase it is necessary to observe 
the following condition for the stages with increasing prop-
pant concentration: 

2 1

constsV K
C C

 


, (1) 

where С1, С2 – initial and final concentration of the consid-
ered process design section; Vs – the volume of the fractur-
ing fluid mixture with the proppant; K – the slope coeffi-
cient of the concentration increase line. 

In order to maintain a linear increase during the transi-
tion between proppant fractions in the work program based on the mathematical model, it is necessary 
to calculate the transition concentration Ca, at which the stage with fraction N 1 ends and fraction N 2 
begins, for a given proppant mass by fractions and maximum concentration Cmax 

Figure 2 shows the linear concentration increase. If the proppant concentration C is represented as a 
function of the fracturing fluid volume V, the condition of linear concentration increase will be maintained 
if the slope angle φ for the straight lines C0Ca and CaCmax is equal, as in the standard graphs with time 
axis t at a constant injection flow rate r. The proppant mass can be represented as the area of a trapezium 
bounded by the concentration line, the projection on the V-axis and the perpendiculars of the initial and 
final concentration to the projection,  

1 2
trap 2

C Cm S V
  , (2) 

where V – volume of clean liquid. 
Thus, knowing the proppant mass by fraction, the planned minimum and maximum concentra-

tion, and the absolute density of the proppant, it is possible to calculate the required volume of frac-
turing fluid for a linear concentration increase: 

0 max

2MV
C C




, (3) 

where M – total mass of proppant of all fractions; C0, Cmax – initial and maximum concentration. 
To calculate the volume of the fracturing fluid mixture, it is necessary to add the volume occu-

pied by the proppant particles to the volume of the fracturing fluid (3), taking into account the pres-
ence of the fracturing fluid in the space between the particles: 

0 max

2
ρs

M MV
C C

 


, (4) 

where  – absolute proppant concentration. 
Taking into account the constancy of the coefficient K in formula (1) and applying formula (4) for 

proppant fraction N 1, a system of equations is obtained: 

max 0 0

0

;

2 ,
ρ

s sa

a

a a
sa

a

V V
C C C C

m mV
C C

   

  
 

 (5) 

where ma – mass of the first (smaller) proppant fraction. 
There are two unknowns in equation (5): Ca and Vsa. The most interest for practical purposes is the 

transient concentration Ca. By solving the system of equations an analytical solution is obtained: 

   2 2 2
0 max 0 0 0 max 0 max 0 max4ρ ρ 2 ρ 2 ρ

2ρ
a a s a s a a a a a

a
s

C m C m V C m C V C C m C m C m C m C m
C

V

       
 . (6) 

Fig.2. Linear concentration increase 
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Thus, the minimum number of stages required to describe the injection of two types of proppant 
is reduced to two, with a transitional stage Ca. Table 1 shows the principle of forming the work pro-
gram according to the presented mathematical model [26-28]. Further division into stages is possible 
by the same principle. In this case, there is no need to calculate transitional concentrations, they can 
be set equal for the main proppant fraction [29-31]. 

 
Table 1 

 
Principle of forming the work program 

 

Proppant type Mass Flow rate Fluid volume Mixture volume Time Concentration from Concentration to 

N 1 ma r 
0

2 a

a

mV
C C




 
ρ

a
s

mV V   sVt
r

  C0 Ca 

N 2 mb r 
max

2 b

a

mV
C C




 
ρ

b
s

mV V   sVt
r

  Ca Cmax 

  

Note. mb – mass of the second (main) proppant fraction. 
 

If the above mentioned distortions occur, the proppant masses by fractions are distorted and 
engineers need to manually adjust the figures to control material consumption and store the data in 
the database. In contrast to the standard approach, the obtained work program based on the mathe-
matical model can be directly loaded into information systems and databases, as it will correspond to 
the actual injection during standard completion of the process [32-34]. 

The model is applied in practice. An example of calculation for injection of 9 t of proppant, of 
which 1 t is 30/60 fraction and 8 t is 16/20 fraction, with a linear concentration increase is presented 
in Table 2. 

 
Table 2 

 
HF parameters 

 
Flow 
rate, 

m3/min 

Gel  
volume, 

m3 

Time, 
мин Stage type Concentration 

from, kg/m3 
Concentration to, 

kg/m3 Mass by stages, kg Total mass, kg 
Mixture  
volume,  

m3 

2.8 10 3.57 Buffer 0 0 0 0 10 
2.8 2.58 0.95 Proppant 30/60 120 200 415 415 2.72 
2.8 2.51 0.90 Proppant 30/60 200 280 585 1000 2.72 
2.8 3.65 1.31 Proppant 16/20 280 400 1242 2242 4.08 
2.8 2.95 1.05 Proppant 16/20 400 500 1326 3568 3.40 
2.8 2.86 1.02 Proppant 16/20 500 600 1574 5142 3.40 
2.8 2.78 0.99 Proppant 16/20 600 700 1808 6950 3.40 
2.8 2.71 0.97 Proppant 16/20 700 800 2050 9000 3.40 
2.8 7.2 2.57 Flushing 0 0 0 9000 7.2 

 
A transitional concentration of 280 kg/m3 was calculated, at which the correct proppant mass 

and linear concentration increase is maintained. 
Part of the HF technologies involves a non-linear increase in proppant concentration during the 

injection process. The required gel volume is reduced while maintaining proppant mass and proppant 
concentration. To ensure non-linearity and gradual transition between proppant stages, the treatment 
design is modified [9, 35]. 

The coefficient K in formula (1) for non-linear concentration increase is not constant for the 
whole injection, but varies from stage to stage. In order to specify the degree of curvature, a coeffi-
cient ω is introduced, taking values between 1 and 1.5. When ω = 1, a linear increase in concentration 
will be obtained, while a larger coefficient corresponds to a greater degree of non-linearity for the 
curve of proppant concentration increase. The coefficient ω is set during HF planning as the degree 
of injection aggressiveness. In the absence of risks and during HF of traditional reservoirs, a value 
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within the range of 1.35-1.5 is recommended. If there are risks 
associated with friction pressure loss in the NBHZ, a value 
can be reduced and selected between 1.1 and 1.35. If there are 
significant risks, or when treating low-permeability reser-
voirs, a linear increase of proppant concentrations is recom-
mended. In the future, the boundary values of ω can be refined 
when the data for statistical analysis is developed. 

If the stage volume is expressed by the K coefficient 
in formula (1), then, given a known K and a set initial and 
final concentration, the volume of the mixture can be de-
termined as 

 max min .sV C C K   (7) 

For the non-linear case K = Kn for each stage n, starting from stage N 2, is determined by means 
of an arithmetic progression. Intermediate multiplier K', also determined by the progression, is intro-
duced beforehand 

1 1; K    1
ω 1

1n nK K
N

  


, (8) 

where N – number of stages, then 

1 ; K K  1 n n nK K K  . (9) 

Accordingly, the volumes of the stages can be determined by progression: 

 max min
sn n n nV C C K  . (10) 

Figure 3 shows the non-linear concentration increase at ω = 1.37. 
Formula for transient concentration calculation (6) can be implemented into spreadsheet forms 

used by HF engineers, which will allow applying the presented approach to all HF processes without 
the need for manual calculations. During development and introduction of the new specialized infor-
mation and analytical systems, the presented mathematical model can be built in the corresponding 
modules for simplification of work with the system. Introduction of non-linearity through coefficient 
ω not only simplifies preparation of the work program on corresponding technologies, but will also 
allow designating “aggressiveness” of injection in the digital equivalent for the account in a DB and 
the analysis in corporate IAS. 

The model is applied in practice. An example of calculation for injection of 7 t of proppant, of 
which 1 t is 30/60 fraction and 6 t is 12/18 fraction, with a non-linear concentration increase and 
aggressiveness coefficient of ω = 1.2 is presented in Table 3. 

Table 3 
 

HF parameters 
 

Flow 
rate, 

m3/min 

Gel  
volume,  

m3 

Time, 
мин Stage type Concentration 

from, kg/m3 
Concentration to, 

kg/m3 Mass by stages, kg Total mass, 
kg 

Mixture  
volume,  

m3 

3.2 12 3.75 Buffer 0 0 0 0 12 
3.2 1.00 0.31 Proppant 30/60 120 200 161 161 1.05 
3.2 1.29 0.40 Proppant 30/60 200 300 325 486 1.4 
3.2 1.40 0.44 Proppant 12/18 300 400 514 1000 1.57 
3.2 1.61 0.50 Proppant 12/18 400 500 737 1737 1.86 
3.2 1.95 0.61 Proppant 12/18 500 600 1093 2830 2.32 
3.2 2.47 0.77 Proppant 12/18 600 700 1647 4477 3.04 
3.2 3.29 1.03 Proppant 12/18 700 800 2523 7000 4.16 
3.2 9.4 2.57 Flushing 0 0 0 7000 9.4 

Fig.3. Non-linear increase of proppant  
concentration 

C Cmax 

V 

 = 1.37 

 = 1 

K1 

Cmin 
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Application of the model allowed calculation of the mixture volumes by stages, taking into  
account the numerically given aggressiveness characteristic.  

 
 

Conclusions 
 
1. A mathematical model of linear and non-linear proppant concentration increase during HF  

is obtained. For the first time, an analytical solution is presented that allows direct calculation to 
determine parameters of the main HF stages, including transient concentrations for given masses of 
proppant of various types. 

2. The application of the mathematical model in the formation of the treatment plan allows main-
taining a correct distribution of the proppant mass by fractions, which facilitates the introduction of 
information and analytical systems, transferring data directly from the work program to databases. 

3. The improvement of the spreadsheet forms used in production will allow, without additional 
labour costs, to apply a mathematical model of the work program for each HF process. 

4. The obtained mathematical model can be used to improve the software used in the design, 
modelling and engineering support of HF processes. 
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