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Abstract. When performing technological operations in the peat industry, various units with milling-type working bod-
ies are used. They differ in design, layout, number and type of cutting elements, operating modes, and may have one 
or more working bodies. During operation, random forces and moments act on the cutters, which have a dramatically 
variable nature, which is associated with the periodic interaction of the knives with the peat deposit, its structural 
heterogeneity, variations in the milling depth, physical and mechanical properties of peat, the rotational speed of the 
cutter and the movement speed of the machine. In this case, significant dynamic loads arise in the structural elements, 
which leads to a decrease in their reliability, deterioration of the energy characteristics of the engine operation and 
technical and economic indicators of use. In the dynamic analysis of drive elements, when using machines with several 
working bodies, it is necessary to know both spectral and mutual spectral load densities.  For their calculation, expres-
sions were obtained that take into account the physical and mechanical properties of peat, the operating modes of  
the unit and their probabilistic characteristics, as well as the design features of the working body. The expressions  
are obtained for the case when there are several working bodies with the same diameters and the number of knives  
in the cutting plane. In this case, the number of planes, width, type of cutting element and type of cutting (locked, semi-
locked, etc.) may differ. As an example of using the developed approaches, the calculation of spectral and mutual 
spectral densities of moments on cutters and loads in the drive elements of the machine for surface-layer milling  
MTF-14 is presented. 
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Introduction. When performing technological operations at various stages of the extraction 

of peat products, milling units are widely used [7, 28]. During their operation, significant  
dynamic loads arise in the structural elements, which leads to a decrease in reliability [2, 3], 
deterioration of the energy characteristics of the operation of machines and their technical and 
economic indicators.  

The main reason for the occurrence of loads is the forces of external resistance on the work-
ing bodies, which are dramatically variable and random in nature [13, 17]. This is due to  
the periodic interaction of cutting elements with the deposit, its structural heterogeneity [8, 27], 
random variability of operating modes [15] and physical and mechanical properties of peat [9]. 
Also, the nature of the loading depends on the design and number of cutters, their parameters and 
operating modes, wear of cutters, vibrations associated with cutting forces and imbalance of 
working bodies, etc. [1].  

Taking into account the random nature of the loads on the cutting elements, the analysis of dy-
namic loads in the structural elements of the milling unit and the calculation of indicators of its reli-
ability [4, 5] should be based on the methods of probability theory [23] и статистической динамики 
механических систем [24, 25]. Experience of their application [12, 21, 22, 30] shows that in prac-
tice it is possible to confine to considering only one-dimensional and two-dimensional charac-
teristics of processes when solving these problems using both analytical and numerical methods,  
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as well as 3D-modelling [26, 32]. 
In this case, the probabilistic charac-
teristics of force factors, such as  
variances and spectral densities, are 
taken into account. In [17, 18] models 
of moments on the working bodies 
of milling units are systematized, 
and methods for calculating their 
probabilistic characteristics are 
considered. 

If the unit contains several 
cutters, during dynamic analysis it 
is also necessary to know the mu-
tual spectral densities of external 
loads. When determining them, 
methods of statistical (simulation) 
modeling have found wide appli-

cation. They are universal, but require a lot of machine time when calculating the probabilistic 
characteristics of loads, especially when choosing the optimal operating modes and design pa-
rameters of the milling unit. 

Experimental studies of loads in structural elements of milling units using strain gauge 
means [20] give estimates of the mathematical expectation, variance, correlation functions, spectral 
densities, distribution densities of moments and forces, as well as characteristics of their mutual sta-
tistical relationship. 

This approach is time consuming and expensive. In this case, the information obtained charac-
terizes the loading of the machine only under the given specific test conditions.  

In [14] an analytical method has been developed for calculating the mutual spectral densities of 
moments on the working bodies. Peat machines were considered with several cutters having the same 
type of cutting elements and width, which work under the same conditions. At the same time, many 
design cases that are often encountered in design were not taken into account. 

Improving the reliability, economic and operational performance of peat milling units is an ur-
gent task [10, 16]. Its solution is associated with the ability to predict the nature and magnitude of 
existing loads in structural elements [11] on the basis of taking into account the specifics of the for-
mation of moments on the working bodies and their probabilistic characteristics at the design stage. 

The purpose of the article is to develop expressions for calculating mutual spectral densities 
based on models of the formation of moments of resistance on cutters of peat machines, taking into 
account their design, operating modes and probabilistic characteristics of operating conditions. 

Methodology. A milling unit with several working bodies (Fig.1) is considered, each of which 
has the same radii of the cutting elements location, the average depth of milling, the number of knives 
in the cutting plane, placed evenly. Unlike the models considered in [14], the number of cutting 
planes, the width of the cutters, the distance between them, their type and working conditions, deter-
mined by the type of interaction with the peat deposit (blocked, semi-blocked), may differ. The cutters 
also have different cutting patterns. 

Taking into account the existing designs of cutters and their operating modes, it can be assumed 
that the speed of the unit, the number of working body revolutions, the depth of milling and the 
physical and mechanical properties of peat change smoothly (within several feeds per knife) [17]. 
Models of moments of resistance can be represented in the form of impulse processes with ran-
dom parameters (Fig.2): 

Fig.1. Scheme of the milling unit working bodies interaction  
with peat deposits 
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, (1) 

where M , M  – number of cutting planes per -th and η-th cutters; mk , mk – coefficients that take 
into account the peculiarity of interaction (blocked, semi-blocked, etc.), the type and width of the 
knife in the m-th plane for the -th and η-th working bodies;  tM mn – loading moment without taking 
into account the coefficient depending on the type of interaction of the m-th plane in the n-th act of 
interaction; mnt , mnt – time between the origin and the occurrence of the n-th pulse on the m-th 
plane for the -th and η-th working bodies; mnP , mnP  – parameters of pulses on the m-th cutting 
plane for -th and η-th cutters; rt , rt  – time shift between knives on -th, η-th cutters; K – number 
of cutters. 

The mutual spectral densities of random stationary processes are complex functions. They are 
related to mutual energy spectrum [23]: 

       mmFS 2 ; 

       mmFS 2 , 

where δ(ω) – delta function;  F ,  F  – mutual energy processes spectrum, which can be de-
termined (taking into account that the moments of resistance are pulse sequences with random pa-
rameters) as [23]: 

Fig.2. Moments of resistance on cutters formation model 
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T – mathematical expectation of the pulse repetition period; 2N + 1 – number of pulses;  
 1m  – averaging sign;    kZ j  ,    kZ j  – the Fourier transform of the k-th realizations of the 

moments on -th and -th working bodies; m , m  – mathematical expectations of ν-th and η-th 
processes [23]. 

For the spectrum of moments (1) containing (2N + 1) pulses on -th and -th working bodies, 
we get: 
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where  0 с; ; mnS j P   ,  0 с; ; mnS j P    – moment spectrum  ;tMmn  m , m – angles between 

the initial points for -th, η-th cutters (each cutter can have its own reference system) and cutters in 
the m-th plane for the corresponding working bodies; T – the angle between the knives in the cutting 
plane (uniform placement of the cutters in the plane); с  – cutter angular velocity;  

r , r – angles between incisors on -th and η-th working bodies relative to the initial point,  
respectively, the angle between the knives on -th and η-th cutters is rrr   (see Fig.1); 
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k , k  – contact angles of knives of -th and η-th working body with a deposit.  
Contact angles k  and k  are random and depend on the design of the working body, its 

angular velocity, the profile of the card surface, the depth of milling and vibrations caused by the 
cutting forces and imbalance of the cutter. 

Taking into account that the mutual spectral densities  S  и  S  are complex conjugate 
quantities, it is enough to consider only one of them. 

Using the approaches presented in [14, 17], substituting (4), (5) into (2), (3) and taking into 
account the stationarity of the unit (the probabilistic characteristics of the pulse parameters do 
not depend on the choice of the origin) operating conditions, for the mutual spectral moment 
densities on -th and η-th cutters with a constant value of the cutters angular speed, we get:  
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where mlqsK  , mlpqsK   – mutual correlation moments of pulse parameters for m-th and l-th cutting 
planes; qm , qD – mathematical expectations and variances of parameters; p – the difference between 
the numbers of two pulses (in the direction of movement of the unit), inp  . 

In the case of stationarity of parameters and smoothness of their change mlqsK   and mlpqsK   
are determined by the correlation functions of the working conditions (strength properties of the ma-
terial, its density and milling depth) at the moments of the knife interaction with the peat deposit: 

 lmPymlqs hhLKK   ; 

 lmPxymlpqs hhLcpKK   ; , 

where m, l – corresponding cutting plane numbers; PyK  – correlation functions of random parameters 
in the direction perpendicular to the movement of the unit; PxyK  – correlation functions of random 
parameters, taking into account the spatial variability of parameters (both in the direction of move-
ment and perpendicular to it); x, y – point coordinates for corresponding parameters; с – cutting ele-
ment feed; L  – distance between η-th and ν-th cutters (Fig.1); mh  – distance from the end of the 
ν-th working body to the m-th cutting plane; lh  – distance from end of -th cutter to l-th plane.  

With a uniform arrangement of cutting elements along the length of the working bodies, we get: 

  hlmLKK Pymlqs   ; 

  ];[ hlmLcpKK Pxymlpqs   , 

where h – distance between knives in adjacent cutting planes. 
In (6), the values are intoduced: 
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where * – complex conjugate spectrum value. 
Averaging (6) over angular velocity с  of working body from 
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where  сW   – distribution density с , and considering that 
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for the joint (mutual) energy spectrum of the moments on the cutters, we obtain:  
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T – the average pulse repetition period in the cutting plane, 
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With 1mk  formula (7) has the form obtained in the work [14]. 
Dependencies for determining the probabilistic characteristics of loads make it possible to single 

out a number of their features. Mutual spectral densities have a complex structure and two character-
istic frequency zones. 

The first part (A in Fig.3) is proportional to the correlation functions of the loading pulses pa-
rameters both in the direction of unit movement and perpendicular to it. The type depends on the 
spectrum of the moments of resistance on the cutters of various working bodies  0 с; ; mS j P   , 

 0 с; ; lS j P    and the scheme of their arrangement, the influence of which is determined by the 
function: 

  
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1 1

2exp . 

The frequencies of this part are concentrated in the low-frequency zone. This is due to a smooth 
change in the parameters of load pulses on the knife within several acts of interaction when cutting a 
peat deposit and a low speed of movement of the unit. 

The second part (B in Fig.3) is due to the periodic nature of the interaction of the cutters with 
peat. Its value depends on the square of the mathematical expectations of the pulse parameters and is 
a sequence of peaks that lie at the frequencies k = 2k/T (k = 1, 2, 3, ...). Their shape is determined 
by a function that describes the density of the angular velocity distribution of the cutter, the spectrum 
of the moments  0 с; ; mS j P   ,  0 с; ; lS j P    and the arrangement of cutting elements.  
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The use of the probabilistic characteristics of the moments on the working bodies makes it pos-

sible to analyze the dynamic loads in the structural elements of the peat milling unit at the design 
stage using the methods of mechanical systems statistical dynamics [31].  

Results discussion. The use of the proposed approach is considered on the example of the anal-
ysis of dynamic loads in the drive system of the machine for surface-layer milling MTF-14, which is 
designed to perform the first technological operation in the extraction of milled peat – crushing the 
top layer of the deposit.  

The unit includes a gearbox, working bodies with pin cutting elements, track rollers, a rear sup-
port, a trailer and a frame. In a complete set, the router consists of seven sections, equipped with 
spacer springs, which are hingedly connected to each other. The cutter has three types of sections: the 
central one consists of a frame, a roller and two cutters 0.628 m long; four inner and two outer sections 
have a frame, a roller and a working body with a working width of 1.275 m each. The distance be-
tween the central cutters is 0.12 m, and the middle and outer cutters are 0.08 m; the peripheral speed 
is 8.9 m/s. The diameter of the working bodies is 0.221 m, and they have three pins in the cutting 
plane, and the body diameter is 0.157 m. The distance between the planes is 0.006 m, the shear angle 
between the cutters in adjacent planes is 24 (offset along the body scan is 0.03286 m). The angles 
between the cutters on different working bodies νr are equal to zero; the knives are the same size 
and type. 

During operation in the MTF-14 drive, significant dynamic loads are formed, which reduces the 
reliability of its structural elements [12]. The main source of their excitation is the forces arising on 
the cutters. [12].  

The spectral densities of moments during the interaction of working bodies with wood inclusions 
can be determined using the approaches considered in [12, 19], and when peat is milled – based on 
the methodology developed in [17].  

Mutual spectral densities   jSC  were calculated using (7). In this case, the moment of loading 
on a single cutter without taking into account the coefficient mk , depending on the nature of the 
interaction, is approximated in the form [12]:  

max
с 1

1

max с 1
1

at 0 ;

( )
12 at ,

m

k

M t

M t
M t







                   

 (8) 

Fig.4. Spectral densities of moments on MTF-14 cutters 
when interacting with peat (calculation) 

1 – central cutter; 2 – end cutter 
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Fig.3. Real parts of the mutual spectral moment densities 
on the working bodies (calculation) 

1 – for adjacent center cutters; 2 – for adjacent middle cutters;  
3 – for adjacent center and middle cutters 
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where 1 – the angle of the working body rotation, corresponding to the maximum value of the mo-
ment within the arc of contact of the knife with the deposit; maxM – pulse peak value,  

2 2
с с с

max 0.4 3
с

2
2 10

T T

k

B H W C RM
M





  
       

,  

B  – width of ν-th cutter; Нc – milling depth; W – unit travel speed; τ – peat shear stress;  

TC  – empirical coefficient; δ – average chip thickness [19]; γ – density of peat in the deposit;  
k – angle of contact of the cutter with the deposit, 12k , 

с с

с с

arccos arcsin
2k

R H c
R R

 
   

 
, (9) 

Rc – radius of the working body at the ends of the cutting elements. 
The spectrum of the moment of loading on a single cutter (8) is equal to: 

 
с

с
0 с max 2

с

4 1 cos
2

; exp
2

k

k

k

S M j

  
                

.  

The distribution density of the random value of the angular velocity of cutters c can be deter-
mined based on the approaches considered in [25, 31]. The random parameters are: the angle of 
contact of the knife with the deposit k which depends on the depth of milling Hc (9); peat density γ 
and the ultimate shear stress τ of the upper layer of the peat deposit. 

Fig.5. The dynamic design scheme of the MTF-14 drive reduced to the tractor engine shaft: 
branched design (a) and main reduced (b) schemes 
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b 

Tractor PTO  
engine  

and drive 
Clutch 

Working bodies 

Helical bevel  
gearbox 



 

 

Journal of Mining Institute. 2021. Vol. 251. P. 745-756 DOI: 10.31897/PMI.2021.5.14 
Konstantin V. Fomin  
 

753
 

The calculation was carried out under the following operating modes and characteristics of the 
peat deposit: movement speed W = 1.94 m/s; rotational speed of working bodies c = 80 s–1; average 
milling depth – 0.015 m (dispersion 0,25·10–4 m); density of peat in the deposit – 720 kg/m3 (coeffi-
cient of variation 15 %); average ultimate shear stress – 45 kPa (coefficient of variation 15 %); the 
number of wood inclusions per 1 ha is accepted as 500 pcs. Its results are shown in Figs.3 and 4. 

The values of spectral densities allow calculating the probabilistic characteristics of dynamic loads 
in the transmission of the milling unit. For this, a linear model of the MTF-14 drive was used [12], the 
diagram of which is shown in Fig.5, a. In [12] for the study of dynamic processes, the branched 
system (Fig.5, a) was replaced by two unbranched – the clamped branch and the main reduced 
system (Fig.5, b) according to the methods presented in [6, 29]. The model parameters reduced to 
the tractor engine shaft, the calculated frequency values and relative vibration amplitudes are shown in 
Tables 1 and 2. 

 
 

Table 1  
 

Parameters of the reduced dynamic model of the MTF-14 drive 
 

Parameters 
Element number 

1 2 3 4 5 6  7  8  9 

Moment of inertia, kg∙m2 3.85 0.0096 0.026 0.017 0.032 0.173 0.204 0.204 0.2 
Rigidity, Nm/deg. 0.29·104 0.1·105 0.108·107 0.97·105 0.13·104 0.13·104 0.13·104 0.13·104 – 

 
 
 

Table 2  
 

Relative amplitudes and frequencies of natural vibrations of the MTF-14 drive 
 

Element 
number 

Natural oscillations, с–1 (Hz) 

27.17 (4.32) 76.27 (12.14) 120.48 (19.18) 149.42 (23.79) 219.07 (34.88) 

1 
2 
3 
4 
5 
6 
7 
8 
9 

–0.15213 
–0.00298 
  0.00402 
  0.00406 
  0.04512 
  0.37606 
  0.67005 
  0.88638 

1 

  0.04632 
–0.31141 
–0.41341 
–0.41429 
–0.42372 
–1.06809 
–0.88568 
  0.10514 

1 

–0.03135 
  0.57304 
  0.74033 
  0.74162 
  0.75410 
  1.41581 
–0.65738 
–1.23316 

1 

  0.03067 
–0.87884 
–1.23772 
–1.12543 
–1.13955 
–1.56688 
  2.66139 
–2.43497 

1 

–9.83819 
  617.059 
  770.428 
  770.958 
  770.373 
–183.421 
  34.3131 
–6.38391 

1 

 
The spectral density of the moment in the i-th element without taking into account the correlation 

between the individual natural modes of oscillations (in the case when the system has a low damping, 
and the natural frequencies are not close to each other) using a linear model of the drive can be cal-
culated as follows [31]: 
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where Ci –system elements rigidity; i – damping factors; K, pa , pa – the number of concentrated 
masses on which external loads act and their relative vibration amplitudes, respectively; P – number 
of natural oscillations; ipa , pia ;1 – the relative amplitudes of the masses, between which the i-th elas-
tic element is located for the corresponding natural frequency;   jSCRe  – real parts of mutual 
spectral densities; р – p-th natural oscillation;  





N

n
nnpp IaM

1

2 ; 





1

1
;1

1 N

n
pnnpn

p
p aa

M
n ; 

N – the number of masses of the dynamic model; In – moments of inertia of masses. 
Calculated normalized spectral densities on the tractor PTO shaft (second element of the model)  

and determined experimentally (G.F.Vekoveshnikov, O.A.Golovina) [12] using strain gauge are shown 
in Fig.6. The dispersion of the moment obtained by calculation and experimentally is 0.053 and  
0.0515 kNm2, respectively. 

Comparison of calculating results the probabilistic characteristics of the loads in the MTF-14 
transmission elements with experimental data confirms the correctness of the assumptions made for 
the models of the formation of loads on the working bodies, taking into account their mutual statistical 
relationship, which is characterized by the value of the mutual spectral density. 

Conclusion. When performing technological operations, forces and moments act on the working 
bodies of peat milling units, which have a sharply variable, random nature. This predetermines sig-
nificant dynamic loads in the structural elements of the machine, decrease in its reliability, and dete-
rioration in technical and economic indicators. 

When using the methods of statistical dynamics of mechanical systems for the analysis of dy-
namic loads at the design stage of a milling unit with several working bodies, it is necessary to know 
both the spectral and mutual spectral densities of the moments of resistance. 

On the basis of the proposed models of moments in the form of pulses with random parameters, 
the expressions are obtained for calculating their mutual spectral densities. They take into account 
the physical and mechanical properties of peat, the operating modes of the unit and their probabilistic 

characteristics, as well as the design features of 
the working bodies. At the same time, in contrast 
to the known models, the number of cutting 
planes, the width of the cutters, their arrange-
ment, the distance between the knives, their type 
and working conditions, determined by the type 
of interaction with the peat deposit (blocked, 
semi-blocked), on each of the working bodies of 
the unit may differ. 

Dependencies for determining the probabil-
istic characteristics of the loads made it possible 
to highlight their features. Mutual spectral densi-
ties have a complex structure and two frequency 
zones. The first is proportional to the correlation 
functions of the parameters of the loading pulses; 
its form depends on the spectrum of the moments 
of resistance on the cutters and the scheme of 
their arrangement for various working bodies. 
The second part is due to the periodic nature of 

Fig.6. Normalized spectral densities of the moments of the tractor 
PTO shaft (the second element of the design scheme) 

1 – calculation; 2 – experiment [12] 
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the interaction of the incisors with peat. Its value depends on the square of the mathematical expec-
tations of the pulse parameters and is a sequence of peaks, the shape of which is determined by the 
density of the angular velocity distribution of the cutter, as well as the spectrum of the moments and 
the arrangement of the cutting elements. 

As an example of using the developed approaches and in order to assess their reliability, the 
calculation of spectral and mutual spectral densities of moments on cutters and loads in the drive 
elements of the machine for surface-layer milling of MTF-14 is presented. Comparison of  
the calculation results with experimental data confirms the correctness of the assumptions made 
for the models of the formation of loads on the working bodies, taking into account their mutual 
statistical relationship. 

The mutual spectral densities of the moments of resistance serve as initial information for calcu-
lating dynamic loads in the structural elements of a peat milling unit and indicators of its structural 
reliability. 
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