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Abstract. One of the development priorities in oil and gas industry is to maintain gas and oil pipeline networks and de-
velop pipeline-connected gas and oil fields of the Arctic zone of the Russian Federation, a promising region the resource 
potential of which will not only meet a significant portion of internal and external demand for various types of raw mate-
rials and primary energy carriers, but will also bring great economic benefits to subsoil users and the state. The mineral 
and raw material centers of the Nadym-Purskiy and Pur-Tazovskskiy oil and gas bearing areas are among the most at-
tractive regions of the Arctic zone. It is necessary to develop a scientifically substantiated approach to improve the meth-
ods of oil transportation from the field to the existing pipelines. As it is known, the task of increasing the efficiency of 
pipeline transportation of high-viscosity oil is inseparably connected with solving problems in the field of thermal and 
hydraulic calculation of pipeline system. The article presents the substantiation of dependencies for hydraulic calculation 
of pipelines transporting high-viscosity oil exhibiting complex rheological properties. Based on the laws of hydraulics 
for non-Newtonian fluids, the formulas for calculating head losses for fluids obeying Ostwald's law are proposed, their 
relationship to the classical equations of hydraulics is shown. The theoretical substantiation of looping installation for in-
creasing the efficiency of pipeline transportation of high-viscosity oil taking into account the received dependences for 
power fluid is considered. 
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Introduction. The difficulty of ensuring the rational transportation mode of high-viscosity oil 
in the Arctic zone is caused by the complex rheological properties of the pumped oil and harsh cli-
matic conditions, which are the initial data when choosing the method of transportation and forming 
technical and structural solutions for pipeline laying [24]. In order to ensure stability of oil pipeline 
operation it is necessary to perform hydraulic calculation at the design stage. Hydraulic calculation 
of non-isothermal pipelines is the most important task for technological calculations, solved in order 
to ensure stability of oil pipeline system operation [3, 4]. Reduction of hydraulic resistance is possi-
ble in various ways [11, 26, 32]. The most widely used methods are those aimed at changing the 
rheological properties of oil. For example, the works [10, 22, 23] consider the improvement of rheo-
logical properties through thermal treatment of oil. Works [1, 6, 14] are devoted to pumping oil 
with various additives. There are also methods of mixing crude oils with different properties [8, 17, 
25], hydrotransportation [5, 15, 28], physical and chemical treatment [17, 27, 31], or a combination 
of these methods [16, 18, 30]. However, this does not negate the need to analyze the thermal and 
hydraulic processes.  
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At present, formulas for analytical calculation of high-viscosity oil motion in the form of 
Leibenzon equation have been obtained only for viscoplastic fluid [2]. According to the analysis 
presented in [7] and methodology RD 39-30-139-79, it can be concluded that the existing formulas 
used for hydraulic calculation of non-Newtonian liquids motion are heavy and unsuitable for analyt-
ical assessment of processes in pipeline transport of high-viscosity oil. 

Methodology. The paper analyzes the works [1, 7, 9, 29, 34] with regard to the study of exist-
ing dependences used for hydraulic calculation of non-isothermal pipelines, based on which conclu-
sions about imperfection of existing formulas are made. Darcy – Weissbach formulas (mainly for 
computer calculations) and Leibenzon formulas (for analytical calculations) are used in the practice 
of calculations. 

The conventional Darcy – Weissbach formula describes the friction losses along the length of 
the pipeline, depending on the defining parameters [7]: 

2

,
2g

L vh
d    (1) 

where λ – hydraulic resistance coefficient; L – length of pipeline; d – pipeline inner diameter; g – 
acceleration of gravity; v – average velocity of fluid flow. 

The main difficulty in calculating with Darcy – Weissbach formula is to determine the hydrau-
lic resistance coefficient, for which a large number of calculation formulas are proposed [9]. 

The Colebrook-White, Churchill and Haaland formulas have the best agreement with experi-
mental data and serious theoretical justification [34]. The hydraulic resistance coefficient by the 
Colebrook-White formula is calculated as follows: 

2
2.512lg ,

3.7Re d
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  

      
 (2) 

where Re – Reynolds number; Δ – roughness of the pipe inner surface. 
Churchill formula, applicable over the entire range of Reynolds numbers, taking into account 

the coefficients, is as follows [7, 29]: 
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The foreign literature recommends using the Haaland formula, which is valid in the range 
4·103 < Re < 108 [7, 29], 
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To calculate the hydraulic resistance coefficient of a non-Newtonian fluid that obeys the power 
law, work [1] proposes the formula 

 
1 /21 0.88 ln Re 2.83 ,

8

n

k n
n

         
 (7) 
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where n – power index. 
Formula (7) is valid for a turbulent flow of the power fluid. Simplified approximation depend-

ences were proposed for different ranges of power index n values [7]: 

at 1/3 2 ;0.2 0.5     Re 0.698 1.94 10n n        (9) 

at 1/4 2;0.5 1.25    Re 0.353 3.80 10n n        (10) 

at 1/5 2.1.25 2.0    Re 0.234 5.13 10n n        (11) 

In the case of transporting high-viscosity oils, depressor additives and other treatment methods 
can be used [19-21], but they do not fully solve the arising complications. 

The Leibenzon formula derived under the assumption / RemA  , is written in general form as 
2

5 ,
m m

m

Qh L
d
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 


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where A,  and m – numerical coefficients depending on the mode of fluid motion;  – kinematic 
viscosity coefficient of oil; Q – volume flow of the pumped product. 

The obvious advantage of Leibenzon formula is its analytical character, which allows clear 
linking the main parameters of pipeline transport - flow rate, viscosity, diameter and length of the 
pipeline with the head loss. This can then be used to analyze the methods for increasing carrying 
capacity, etc. 

Work [35] (Table 1) proves the versatility of the Leibenzon formula for a wide nomenclature 
of pumped products and flow modes. 

Despite a lot of work, at present, the formulas for analytical calculation of the high-viscosity 
oils motion in the form of the Leibenzon equation have been obtained only for a viscoplastic fluid. 

Discussion. Leibenzon formula for a viscoplastic fluid: 
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where μ – dynamic viscosity coefficient of fluid; τ0 – initial shear stress; the hydraulic slope can be 
represented as an expression 
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Coefficients of the Leibenzon formula at different flow modes: 

2 3 I4.5 s , 1, Re 2.3 10 1 ;
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 (15) 

0.25
20.089 s , 0, Re 500 ,/m dm

d
         

where I  – Ilyushin number, I = 0/, characterizes the ratio of the initial shear stress to the viscous 
friction stress; ∆ – absolute roughness of the pipe walls. 

In laminar mode, Metzner – Reed formula is used for calculating the hydraulic resistance coef-
ficient of the power fluid [33]: 

64  ,
ReMR

   (16) 

where ReMR  – generalized Reynolds number, determined by the formula 
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u – oil flow velocity; k – consistency index of a power fluid. 
Irwin suggested using the following dependence to determine the hydraulic resistance coeffi-

cient in the turbulent flow of a power fluid [2, 7]: 
1

3 1( )4 ,
Re

n

MR

D n
 
   

   
 

 (18) 

 
  234

7
2 4
7 3 1

.
nn

n
nD n

n

     
 (19) 

The critical Reynolds number is proposed to be determined according to the Ryan-Johnson re-
lation 
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Formula (17) can be rewritten according to the dependence used by Leibenzon in deriving his 
formula, 

*  .
Rem

MR

A
   (21) 

Then the power index of Reynolds number will be defined as 

* 1  .
3 1

m
n
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 (22) 

Coefficient A in formula (21) is calculated based on the dependence 

 
1

3 14 .nA D n
 
    (23) 

The graph for the dependence of the coefficient A on the power index n in the power law of 
fluid flow is shown in Fig.1. 
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As a result of regression processing of 
the data obtained, it was found that the co-
efficient A is described with sufficient ac-
curacy by a relationship of the form: 

4
3

 .
3

nA


  

Let us begin the derivation of the 
modified Leibenzon formula for a power 
fluid by considering the conventional Dar-
cy – Weissbach formula 
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2gl
l vh
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and considering the oil flow rate is 
2

4
dQ 

  , we get an expression for friction losses in the oil 

pipeline 
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Let us represent the generalized Reynolds number in a form convenient for further transfor-
mations: 

1 1 1
23 1 3 1 3 1

2 3 4
2 22 3 1 3 1

1
1 1 2 1 3 1

4
4Re  .

3 1 3 1 3 18 8 8
4 4 4

nn n n
n n n

n n n n n
m
MR n n n

n n n n n

Q d
v d Q dd

n n n kk k
n n n

  
 

   

    

                     
                                      

 (27) 

Then, taking into account expression (26), after a number of transformations, the expression for 
the friction losses will be written as: 
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In expression (28) the coefficient  should be simplified, it is determined by the formula  
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The graph for the dependence of the coefficient  on the power index n in the Leibenzon for-
mula is shown in Fig.2, a. 

Repeating the same data processing steps as with coefficient A, it was found that the coeffi-
cient  is described with sufficient accuracy by a dependence of the form: 

 0,70.026 .n   (30) 

Finally, we obtain a modified Leibenzon equation for the head loss of a power fluid during tur-
bulent motion in a pipeline, true for a range of power indices 0.5 ≤ n ≤ 1.25, 
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Following the same reasoning logic, let us repeat the actions for laminar mode of power fluid 
flow. For this case the graph for dependence of coefficient on power index n in Leibenzon formula 
is shown in Fig.2, b. 

Coefficients A = 64 and m = 1 for the laminar mode of the power fluid flow obviously follow 
from the dependence (21). 

Summary of the obtained coefficients is shown in Table 2. 

Table 2 
Summary of the results obtained by the modified Leibenzon formula for a power fluid 

 
 

Fig.2. The graph for the dependence of the coefficient  on the power index n in the Leibenzon formula 
а – turbulent mode; b – laminar mode 
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The following conclusion can be made with regard to the Table 2: coefficient β in laminar flow 
mode at n  1 is close to that in Stokes formula for Newtonian fluid ( = 4.15), and in turbulent 
flow – to Blasius formula ( = 0.0246). Artificial adjustment of coefficient to give formulas concep-
tual completeness is obviously possible, but entails increase of their error by 5 %. 

Improvement of hydraulic efficiency is one of the main tasks in the field of pipeline oil 
transport [2, 13, 14]. Pipeline operation, as a rule, is accompanied by changes in pumping mode. If 
the increase of pumping parameters (flow rate, oil temperature) is within the limits of design values, 
the pipeline operation does not cause concerns, but if this increase is higher than the design values, 
it is necessary to check the “hot” pipeline for durability and stability (line part and piping of sta-
tions), as well as to specify conditions of pump operation for suction, leakage, temperature mode. In 
the first years of oil field development, the amount of oil produced is less than when it is fully load-
ed. With the development of the field the volume of pumped oil may be increased, in this regard, it 
is necessary to provide additional technical solutions to improve the efficiency of the produced oil 
transportation. 

Let us consider theoretical justification of looping installation as an effective way to increase 
efficiency of high-viscosity oil transportation. Hydraulic slope of the pipeline pumping power fluid, 
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The flow rate of the fluid in the pipeline is defined as  
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Flow rate in the looping can found in the same way: 
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The total flow rate in the pipeline is the sum of the flow rates in the main pipeline and the looping: 

 

* *

* *

**

6 5 6 5
7 7(1 ) (1 )

l 3 3
7l p p l(1 )
3

.

m m

m m

mm

iQ Q Q Q d d
k

 

 



 
 

     
       

 (35) 

Let us transform the expression (33): 
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The hydraulic slope for looping is expressed as  
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Finally we get the coefficient that takes into account the presence of looping, 
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For low-viscosity oils this ratio is written as 
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Coefficient for increase of carrying capacity  
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Comparing the values of the coefficients, taking into account the presence of looping, we ob-
tain a graph of dependences series (Fig.3). 

Several conclusions can be drawn from 
Fig.3: 

 the maximum difference is achieved 
at a ratio of diameters equal to one, and at the 
most distinct deviation from the Newtonian 
character of fluid flow; 

 due to insignificant difference of the 
coefficient, which takes into account the pres-
ence of looping (at n = 0.75 and Dl/Dp = 1 is 
not more than 10%), one can assume that 
when observing other technical solutions in 
terms of ensuring thermal mode, the coeffi-
cient for increase of carrying capacity will be 
close to the factor for low-viscosity oils. 

Presented calculations on justification of 
looping are made on the basis of obtained mod-
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ified Leibenzon formula and take into account properties of the power fluid. Graph in Fig.3 shows 
that difference of coefficient, considering looping presence for Newtonian and power fluid is insig-
nificant (less than 10 %), which allows making conclusions about efficiency of looping application 
as means for increase of carrying capacity during the development of the field. 

Conclusion. The calculation and justification of the modified Leibenzon formula for a visco-
plastic fluid have been performed, which will allow developing a mathematical model for the opera-
tion of a cyclic oil pipeline transporting high-viscosity oil. 

It was found that hydraulic calculation of oil pipelines transporting oil, the rheological proper-
ties of which are described by a power law, can be performed by the modified Leibenzon formula in 
the range 0.5 ≤ n ≤ 1.25. The relative error of the obtained ratio does not exceed 2%. It is important 
to note that the coefficients in the obtained formulas in the ultimate case of n = 1 are close to those 
of Newtonian oils, which indicates the internal unity of the obtained dependences. 

Taking into account the obtained dependences, a theoretical justification for improving the per-
formance of oil pipelines transporting high-viscosity oil by looping installation is presented. 
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